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ABSTRACT 
This study was conducted to deterITline the dynamic characteristics 
of small. boats moored with non-linear -elastic lines in an aSYITlITletrical 
ITlanner. The motions being considered are surge ITlotions where the 
moored boat is all.owed to move either in the direction of the bow or 
the stern, but not in other coordinate directions. 
An analytical model is proposed where the small boat is siITlulated 
by a block-body which is ITloored aSYITlITletrically to a fixed dock. A 
method is developed froITl which the non-linear restoring forces and 
the dynamic response of the boat in surge can be obtained. The re-
storing force which is associated with the boat displaceITlent is defined 
by the material, condition, and dimensions of the lines and the ITlooring 
geometry. From those results, an approxiITlation to the restoring 
force is ITlade so that a closed solution to the probleITl is possible. 
The periods of free oscillation deterITlined by this ITlethod are COITl-
pared to the results of SOITle experiments conducted on a 26-foot boat 
with a displaced weight of approxiITlately 7000 lbs. The experiITlents 
were performed using this sITlall boat ITloored under different conditions: 
all lines taut, 4 inches slack in all lines, and 8 inches slack in all lines. 
These results cOITlpared favorably with the analytical results. 
The re sponse of seven small. boats of various displaced weights 
were determined analytically to evaluate the range of important wave 
periods for this sample. The mooring dimensions of these boats were 
ITleasured in situ and the theoretical approach developed was applied. 
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The results indicate, for the samples considered, that the important 
ri'\.nge of periods of forced oscillation for excessive motions of these 
boats in surge was less than 10 sees. If stiff mooring systems had 
been employed for all of these boats the important wave period range 
for these motions could probably be reduced further. Due to the 
different mooring systems used, the response curves for some of the 
small boats were highly asymmetrical indicating the possibility of 
much greater motions in one direction than in another under the action 
of a periodic symmetrical force. 
A limited series of experiments were conducted to determine the 
effect of the proximity of flotation chambers which are used on some 
floating slips on the response of the moored boat. It was found that 
these chambers, as simulated in the laboratory, did not have a sig-
nificant effect on the dynamic characteristics of the moored boat. 
However, they did act as floating breakwaters thereby reducing the 
transmitted wave energy. 
3 
1. INTRODUCTION 
A moored vessel exposed to waves is an example of a somewhat 
unique problem in dynamics. In the case of most mechanical systems 
the forcing function is reasonably well defined and it is the response of 
this system to the time-varying force which is desired. In the case of 
a 'moored vessel the objective of the analysis is the same, i. e. , 
determining the forces induced in the mooring system or the motions of 
the vessel; however, in that case there is a distinct possibility that the 
forcing function may also have certain response characteristics which 
vary significantly in magnitude with wave period. Therefore, even 
though the major problem which must be solved by the engineer in the 
design of a harbor is to minimize the motions of the moored boats due 
to wave action, the dynamics of the harbor itself must also be considered. 
The purpose of this report is to consider only the former probiem, 
i. e., the dynamics of the motion of a vessel moored in a standing wave 
environment; consideration of the wave-induced oscillations of harbors 
will not be discussed herein. The class of vessels to be considered 
is small boats of the size usually used for pleasure where it is of 
intere-st to predict the important range of wave periods for these 
pleasure craft moor ed in a typical manner in a marina. If such a pre-
diction can be made then the problem of minimizing wave-induced 
oscillations in a small boat harbor may be simplified because it would 
be sufficient to investigate the response of a harbor to waves' only over 
the limited range of wave periods which affects small craft. 
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In a previous report on wave-induced oscillations of s:mall boats 
(Raichlen, 1965) so:me attention was given to a review of literature 
dealing with both the dynamics of :moored bodies and the evaluation of 
the added hydrodyna:mic :mass. In this report these articles will not 
be reviewed but a list of these references is included in a supple:mental 
bibliography. 
It is first important to consider so:me of the :major differences 
between s:mall and large boats which relate to their dyna:mics. Of 
course, the most obvious difference between the two cases is size; 
in the case of s:mall pleasure boats the vessels which are of interest 
are less than approximately 60 feet long and the displaced weights are 
less than approximately 10 tons as compared to large vessels whose 
lengths :may be 300 feet to 700 feet with displaced weights ranging fro'm 
9, 000 to 50, 000 tons. However, it is not the displaced weight alone 
which is of importance but, as will be shown in a later section of this 
report, it is really the ratio of the restoring force caused by the :moor.,. 
ing syste:m to the inertial force (which depends on the displaced weight 
of the vessel) which is important in defining the response of the vessel 
to wave excitation. 
With respect to the ratio of restoring forces to inertial forces the 
nature of the restoring force for large ships can be quite different 
fro:m that for s:mall boats. Wilson (l967a) has described in detail the 
:mooring syste'ms used by a nu:mber of large vessels, In general those 
systems consisted of a large nu:mber of lines extending fro:m the bow, 
the stern, and the :mid-ship of the vessel to the dock which restrict 
:motion both in a fore and aft direction as well as in a direction 
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perpendicular to the dock. For example, for ships ranging in weight 
from la, 000 to 60, 000 tons Wilson (1967a) found that the total number 
of lines used in mooring n1.ay range from 15 to 40 respectively. There-
fore, even though the elastic characteristics of the individual mooring 
lines may be quite different from one another, on the average the re-
storing force for motion in the fore and aft direction for similar dis-
placements would be approximately the same. (It should be noted, 
however, that for motions of a large vessel in sway, 1. e., in a direction 
perpendicular to the dock, the restoring forces would be highly asym-
metrical.) In addition to the mooring features mentioned, usually the 
mooring lines for large ships have slack to allow for motions due to 
changes in the tide. It will be shown in the analysis that the introduction 
of even a minor a'mount of slack can affect the restoring forces and thus 
the response characteristics of small moored vessel significantly. 
On the other hand, in some respects the mooring systems for 
small boats are quite different from those of large ves sels. A photo-
graph of a small boat moor ed in a typical fashion to a floating slip is 
presented in Fig. 1. 1. This photograph shows that for this case only 
a few lines are being used; there are only two bow lines and two stern 
lines. Under the se conditions, it is evident that the re storing force 
for motion of the vessel in one direction may be quite different from 
the restoring force for similar displacements in the opposite direction. 
From observations of other mooring arrangements, it was evident 
from this study that there is less probability of having symmetrical 
forces in the surge direction for small boats than for large ships. 
This asymmetry can have a significant ,effect upon the motions of the 
6 
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boat and potential boat damage. For instance, if a small boat is 
moored in a slip with little clearance between the bow of the boat and 
the front of the slip, impact damage to the bow may be possible due to 
the asymmetrical restoring forces. This type of damage possibly 
could be eliminated by using a stiffer more symmetrical mooring sys-
tem. An additional effect of asymmetrical 'moorings is that particular 
boat fittings may be stressed an excessive amount. Indeed it may be 
possible that the fittings would fail before the lines part. Conversely, 
in the case of large vessels damage criteria resulting from ship-mooring 
dynamics have been based primarily upon the parting of the mooring 
lines (see Wilson, 1967a). 
An interesting problem is introduced by the economics of mooring 
of small boats which may have direct effect upon damage by impact. 
Since the rent a boat owner generally pa ys depends on the slip length, 
there is a tendency for the owner to try to minimize the length of the 
slip and moor his boat in the smallest slip available. This, of course, 
will result in minimizing the clearance between the bow of the boat and 
the front of the slip thereby increasing the possibility of potential 
impact damage under asymmetrical mooring conditions. 
Although only a few examples of the differences between large and 
small boat mooring considerations have been presented in this dis-
cussion' through these it is evident that attention must be given to some 
of the details of mooring for small boats which could perhaps be 
neglected for large vessels. 
The objective of this report is to discuss in detail some of the 
aspects of the asymmetrical restoring forces of small boats when 
8 
moored with elastic non-linear restraints. In connection with this 
analysis of mooring dynamics experiments were conducted to determine 
the periods of the free oscillations of a 26-foot boat moored in various 
ways to a floating slip. The analysis presented herein has been applied 
to a number of small boats whose in situ 'mooring dimensions were 
obtained in order to determine the important range of wave periods 
with respect to surge motions for a reasonably wide selection of boat 
'sizes and mooring conditions. The method of approach will be covered 
in sufficient detail such that additional information can be obtained by 
other investigators to more firmly define the above-mentioned period 
range. 
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2. THEORETICAL CONSIDERATIONS 
In this section an analysis will be presented which describes the 
motions of a moored body in surge when exposed to a standing wave 
system. The 'mooring system used in the analytical model can result 
in non-linear asymmetrical restraining forces which resist the wave-
induced motions. Only surge motions (boat displacements either 
toward the bow or toward the stern) are considered, and the boat is 
treated as a block body with no attempt being made to fully describe 
in detail the shape of the vessel. This block body approach is probably 
more applicable for inboard power boats rather than sail boats due to 
the relatively large draft-to-beam of the latter. The justification of 
these assumptions will be shown in the comparison of the theory to 
experimental results in Section 4. This analysis follows from those 
reported by Wilson (1958), Kilner (1960), and Raichlen (1965), and, 
therefore, the initial portion dealing with the development of the 
equation of motion of a moored vessel in surge will be presented in 
condensed manner. (For a more detailed presentation the interested 
reader is referred to Raichlen (1965).) The innovation in the following, 
which will be presented in detail, concerns the incorporation in the 
analytical model of a non-linear asymmetrical restoring force. 
2. 1 Equation of Motion in Surge 
As mentioned, in order to investigate some of the fundamental 
aspects of the mooring of small boats the dynamics of motion of a block 
body moored in a standing wave environment is studied. The body under 
discussion is a rectangular parallelpiped of length 2L, beam B, and 
draft D moored in a way such that the only allowable motions are surge 
/ 
D 
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b ~ AT REST POSITION 
.J...... ~;r .. 
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Fig. 2. 1. Schem.atic Diagram. of Block Body 
..... 
o 
11 
motions. A schematic diagram of this body moored in a standing wave 
system is shown in Fig. 2. 1. The standing wave is formed in water of 
a constant depth d by a progressive wave which is reflected from a 
perfectly reflecting surface located a distance b from the center of the 
moored body. The x-coordinate isrneasured from the center of the body 
in the at-rest-position and denotes the movement of the center in surge 
motion. 
Using small amplitude wave theory the wave amplitude 11, velocity 
potential ip, and the water particle velocity u of the standing wave are 
described by the following three expressions: 
11 = A cos k (b+x) cos 0" t (2. 1) 
ip - Ag cosh k (d+z) cos k (b+x) sin 0" t 
- 0" cosh kd (2. 2) 
(2.3) 
where A is the standing wave amplitude, k is the wave number (2n/wave 
length, A), 0" is the circular wave frequency (2n/wave period, T) g is 
the acceleration of gravity, and the other quantities are described in 
the definition sketch, Fig. 2. 1. 
The equation of motion in surge of a moored body is: 
Mx = I (External Forces) 
Mx = F + F. + Fd + F P 1 r (2. 4) 
where M is the mass of the body, x is the acceleration of the body 
d 2 . (~), F is a driving force due to pressure, F. is an inertial force, 
d~ p 1 
F d is a drag force, and F r is a restoring force due to the mooring 
system. 
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The pressure force is due to the pressures acting on the ends of 
the block body, and it is given by: 
S ~ r ~ Fp = B p(-L, z) dz -B J p(+L, z) dz 
-D -D 
(2. 5) 
where p (-L, z) and p (+L, z) denote the pressure distributions on the 
two ends of the body due to the standing wave. From the equation of 
motion of the fluid and the velocity potential described by Eq. 2. 2 the 
pres sure distribution under a standing wave is obtained in the form: 
cosh k (z+d) 
P = Y ~ cosh kd - Y z (2. 6) 
Substituting Eq. 2. 6 into Eq. 2. 5 the net force per unit width acting on 
the body is: 
~ _ ( ) r sinh kd - sinh ks l :J... 2 2 
B - Y ~-L-~+L L k cosh kd J - 2 (~ _L-Tl +L) (2.7) 
and substituting the appropriate expressions into Eq. 2. 7 one obtains: 
F n [ sinh kd - sinh ks " ~B = 2yA sin kL sin kb cos at k cosh kd J 
A2 
- YZ sin 2kL sin 2kb cos 2 a t (2. 8) 
For small amplitude waves Eq. 2.8 can be simplified further since the 
ratio of the second term in Eq. 2.8 to the first term is of the order of 
the wave steepness, 2A/A. Therefore, neglecting this term, Eq. 2.8 
becomes: 
~ [Sinh kd - sinh ks l' . B = 2yA k cosh kd ~ Sln kL Sln kB cos at (2.9) 
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An interesting simplification has been introduced by Wilson (1958) 
which will be used in the derivation of all terms (except the restoring 
force) in Eq. 2.4. This is the concept of the volume average of water 
particle velocities and accelerations defined as: 
1 U ---2LD 
L 11 J J u dx dz 
-L -D 
r L J 11 j u dx dz 
-L -D 
(2. lOa) 
(2. lOb) 
Substituting Eq. 2.3 and its time derivative into Eq. 2.10 these volume 
averages beco'me: 
u -~ ,sinh kd - sinh ksJ sin kL sin kb sin at 
- LDa L... k cosh kd 
U· M [sinh kd - sinh ks l . kL . kb ' = LD k cosh kd ~ Sin sin cos al: 
(2.l1a) 
(2.11b) 
Therefore, Eq. 2.9 can be further simplified by the substitution of 
Eq. 2. lIb: 
F = M U 
P 
(2.12) 
where M = 2 P LBD, the mas s of the fluid displaced by the body. Hence, 
Eq. 2. 12 attributes the driving force due to the net pres sure acting on 
the ends of the block body, as a first approximation, to the water 
particle accelerations in the standing wave averaged over the volume 
displaced by the body. 
14 
The inertial force in Eq. 2.4, F., is introduced by the unsteady 
1 
nature of the problem, i. e., as the body accelerates or decelerates its 
motion affects the surrounding fluid. For instance, if the fluid were 
at rest and the body were accelerated there would be a force opposing 
motion, other than viscous forces, caused by the body accelerating 
a portion of the surrounding fluid. This added force is usually repre-
sented as the product of the acceleration and an added hydrodynamic 
mass, M'. For the case of the unsteady motion of a body in a fluid 
whose motion is unsteady this force still exists, but the acceleration 
or deceleration is relative to the fluid particle acceleration or declara-
tion. The assumption is made in this analysis that the important 
relative acceleration is between the acceleration of the center of the 
body and the volume average of the water particle acceleration. There-
fore, the inertial force is expressed as: 
F. = M' (U - x) 
1 X 
where M' is the added hydrodynamic mass of the body in surge. 
x 
(2.13) 
In a similar manner a viscous drag force can be defined in term.s 
of a relative velocity as: 
F d = I CD BD (U - x) IU -xl (2. 14) 
x 
where CD is a drag coefficient for the body in surge. This as sumes 
x 
that the important water particle velocity which is related to the viscous 
effects is the average of the water par ticle velocity over the displaced 
volume of the body. 
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Substituting Eqs. 2.12, 2.13 and 2.14 into Eq. 2.4 the following 
expression is obtained for the equation of motion of the body in surge: 
Mx = MU + M'xCU - x) tIeD BD(U - x) lu- xl - Fr 
x 
(2.15) 
In Eq. 2. 15 the restraining force due to the mooring system has not been 
defined and is shown with a minus sign to indicate it acts opposite to the 
direction of motion. 
To simplify the problem the effect of viscous damping is neglected 
in Eq. 2. 15. As far as the investigation of some fundamental aspects 
of the problem is concerned neglecting damping is considered to be 
reasonable, since the range of the important wave periods in the 
mooring dynamics (which is one of the major objectives of this study) 
is affected little by damping. 
With these considerations in m.ind, Eq. 2. 15 can be simplified 
further and rearranged to yield: 
(2.16) 
M' 
x 
where the virtual mass coefficient, eM' is defined as eM = 1 t 1\1' 
The volume average quantities U and U can be rewritten as: 
U = C sin (J t 
where r _ ~ [S inh kd - sinh ks ] . k L . kb 
'0 - LD(J k cosh kd sm sm 
(2.17a) 
(2. 1 7b) 
(2.17c) 
Therefore, the equation of motion in the x-direction (Eq. 2.16) becomes: 
F 
r x t G M = C (J cos (J t 
M 
(2. 13) 
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The problem.s in solving Eq. 2.18 arise primarily due to the complex 
form of the restoring force relation. The variation of the virtual mass 
coefficient eM with boat shape and other conditions is not well known, 
but it will be shown that the effect of this quantity on the dynamic 
response of a small moored boat inmost cases is not as important as 
the effect of the restoring force. 
A number of possible restoring force relations are shown in a 
schematic way in Fig. 2. 2. The simplest system presented is the 
linear-sym'metrical system which provides for the same linear springs 
restraining the motion of the floating body in the fore and the aft 
direction. The more general case for the linear spring system is the 
bi-linear asymmetrical system shown in Fig. 2. 2b which provides 
linear restraint of different stiffness in the two directions. Either one 
of these systems can degenerate into a non-linear restraint by allowing 
for free travel of the floating body before a restoring force is developed. 
This type of restraint is presented in Fig. 2.2c. From these three 
systems the next logical extension is to non-linear restoring forces. 
The last sequence of restoring forces shown in Figs. 2. 2d and 2. 2e 
for the non-linear cases have their analogies in the linear systems 
which have just been described. 
2. 1. 1. Linear Symmetrical Restoring Force 
The case which has been studied previously and 
reported in detail by Raichlen (1965) is the system of linear - symmetrical 
restoring forces. Even though this type of mooring system is not 
representative of those found in small boat harbors, except for small 
motions, the results of the analysis are extremely instructive and 
17 
LINEAR SYSTEMS LINEAR RESPONSE 
Fr Fr 
x X 
(a) SYMMETRICA L (b) ASYMMETRICAL 
LINEAR SYSTEM - NON-LINEAR RESPONSE 
X 
(c) SYMMETRICAL 
NON-LINEAR SYSTEMS NON -LINEAR RESPONSE 
x x 
(d) SYMMETRICAL (e) ASYMMETRICAL 
Fig. 2. 2. Schematic Diagram of Restoring Force Relations 
18 
answer certain questions relating to the mooring dynamics which might 
be disguised by the complications introduced by non-linear restraints. 
One major question that was ans-qered by an analytical and experi-
mental program using a body moored in a linear manner is the justifi-
cation of using volume average quantities such as shown in Eqs. 2.10 
and 2. 11 to describe the forcing function in the equation of motion. 
Consider a moored body restrained by a linear-symmetrical 
restoring force described by: 
F = Kx 
r 
Eq. 2.18 can then be rewritten as: 
.. 
w2x , 0" cos x + = n 
where w2 K = C M n M 
o t 
(2.19) 
(2. 20) 
As suming a solution of the form x = X cos (0 t - ep) where ep is a phase 
angle it can be shown that a solution to Eq. 2. 20 has the form: 
(2.21) 
with CO = 0, n. 
The easily recognized solution to the amplitude response of this simple 
undamped linear system can be obtained from Eq. 2. 21; rearranging 
that expres sion: 
Xo= 1 , 2 Wn 1 
0 2 
(2. 22) 
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To determine the adequacy of Eq. 2. 22, or more importantly the 
correctness of the forcing function C in Eq. 2.22, experiments were 
conducted in the laboratory using a neutrally buoyant rectangular 
parallelepiped restrained by a linear spring system. These experi-
ments have been fully described by Raichlen (1965) and only one example 
of the results will be described here before proceeding to discuss more 
complicated restoring forces. 
The theoretical response curve of a linearly moored body is pre-
sented in Fig. 2.3 along with experimental results obtained in the 
laboratory for the specified conditions shown on the figure. The 
abscissa is the ratio of the natural period of the body in surge to the 
wave period, i. e., the ratio of the forcing frequency to the natural 
frequency, and the ordinate is the ratio of the maximum surge motion 
of the body to the standing wave amplitude A. It is seen that the agree-
ment of the theoretical curve described by Eq. 2. 21 or Eq. 2.22 is 
relatively good over most of the range of wave periods tested. An 
example of the variation of the forcing function C with wave period 
(described by Eq. 2. 17c) is the zeroes of the response curves shown 
in Fig~ 2.3 which are imposed by the trigonometric terms in Eq. 2. 17c. 
The effect and physical significance of these zeroes of response have 
been fully discussed in Raichlen (1965) and will not be pursued in this 
section. It was concluded from these laboratory studies that the 
response of a neutrally buoyant body moored with linear symmetrical 
springs was adequately described by Eqs. 2.20, 2.21, and 2.22 over 
a wide range of ratios of depth to wave length and body length to wave 
length. For this reason it is felt that the assumptions made in developing 
10.0 
9.0 
eo 
10 
6.0 
5.0 
4.0 
3.0 
2.0 
1.0 
o 
o 
20 
I 
I 
I 
~ I. ~ S2 ~ tHI 
THEORETICAL: I 
I ! EXPERIMENTAL: 
! , 
I RUN NO. 
I 150 0 
I 15b () 
I 
( 
15c f) 
, I 15d Q 
, it 15e e 
I 15 f • ! ) 
~ 1''' 1.30!5 lee. b=4.0ft. UNDAMPED e d = 1.0 ft. 0-0378 ft 
RESPONSE 
I e\ e ~ . 
-
it ~ e \>. 
~ 
e ~~ ~~ t P 
~ ~ J o Q~ e~ • ~ J ~. ~ 
--02 0.4 06 08 1.0 
T/T 
12 1.4 1.6 
Fig. 2.3. Response Curve of Body Moored with 
Linear Springs (after Fig. 2.2a). 
--
...-.-
IS 2.0 
21 
the equation of motion described by Eq. 2. 18 are reasonable and in 
particular the description of the driving forces acting on a moored 
body in a standing wave environment are adequately described by the 
volume average quantities, U and U presented in Eqs. 2. lOa and 2. lOb 
and the equations which result from the subsequent application of these 
expressions. 
2.1.2. Non-Linear Asymmetrical Restoring Force 
In lieu of solving the equation of motion (Eq. 2. 18) 
for the different linear restoring force relations shown in Fig. 2. 2 the 
case of a non-linear asymmetrical restoring force will be treated. 
Due to certain approximations used, which will be fully described in 
this section, the cases of bi-linear asymmetrical restoring forces and 
linear symmetrical systems with free travel can be obtained directly 
from the results of this more general treatment. 
Consider the equation of motion of the moored body in surge 
described by Eq. 2.18 and the restoring force F described by the 
r 
following expressions: 
F (x) ::: F 1 (x) for x > 0 
r 
F (x) ::: F 2 (x) for x < 0 
r 
(2.23a) 
(2.23b) 
wher e x is defined as being positive for motion toward the bow and 
negative for motion toward the stern. (The functions represented in 
Eq. 2.23 may take any for'm: linear or non-linear, symmetrical or 
asymmetrical, free travel or no free travel.) 
22 
For simplicity of solution, the equation of motion (Eq. 2. 18) is 
rewritten so that the phase relation between the forcing function and the 
body response is incorporated in the forcing function. This will not 
affect the general nature of the solution, since the importance of the 
phase angle is simply to describe the lag or lead of the motion relative 
to the forcing function and this is still preserved in the solution. Hence, 
Eq. 2.18 is rewritten as: 
F 
_ r () 
x + = C 0 cos 8 - cp CMM (2. 24) 
where 8 = 0 t and c:p is a phase angle and with the conditions of Eqs. 
2. 23a and 2. 23b describing the variation of F . 
r 
If the restoring forces F 1 (x) and F 2 (x) are different then it is 
reasonable to assume that the mean position of motion of the vessel 
will be different froIn the at-rest~position of the vessel. This would 
occur because one set of mooring lines (either bow or stern) is stiffer 
than the other. Therefore, the general solution to Eq. 2.24 is taken as: 
x = 6 + X cos 8 (2.25) 
A solution based on Eq. 2.25 is somewhat approximate since it neglects 
harmonics other than the fundamental. However, it is felt that this is 
justified since for symmetric mooring forces having the form of a power 
of x as high as 7 it has been found (see Kilner (1960)) that the significant 
harmonic was less than 1 0% of the fundamental. The motion described 
by Eq. 2.25 is shown in a schematic manner in Fig. 2.4 along with 
as sumed restoring forces described by Eqs. 2. 23a and 2. 23b. By setting 
x = 0, Eq. 2. 25 describes the degree of asymmetry of the restoring force, 
that is: 
23 
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o = -X cos e 1 (2. 26) 
and for 81 = n/2 the displacement of the mean position from the at-rest 
position, 0, becomes equal to zero. It is noted from Fig. 2.4 that 
this implies that F 1 (x) = - F 2 (x) and the restoring force and the resultant 
motion are symmetrical about the at~rest-position of the boat. If, on 
the other hand, 81 = n the boat motion is highly asymmetrical and in 
accordance with Eqs. 2.26 and 2.25 there would be no motion of the 
vessel in the minus x-direction. This is equivalent to saying that the 
mooring lines which result in the restoring force F 2 (x) are infinite ly 
stiff compared to those which provide a restoring force F 1 (x). 
Klotter (1951) has described the solution of an equation such as 
Eq. 2.24 with non-linear restoring forces based on the averaging 
method of W. Ritz. Rewriting Eq. 2. 24 as: 
E(x) = x· 
F 
r 
+ C M - C a cos (e - co) 
M 
The averaging ITlethod furnishes the following two conditions: 
2TT J E(x) cos e de = 0 
o 
2TT J E (x) s in e de = 0 
o 
(2. 27) 
(2. 28a) 
(2. 28b) 
Substituting Eq. 2. 27 into Eqs. 2. 28a and 2. 28b the two conditions to be 
solved becoITle: 
J 2TT[x" F . ] + C ~ - C a cos (8 - co) cos 8 de = 0 
o M 
(2.29a) 
25 
2n F J a [x + C~M - Cocos (e - cp) ] sin e de = 0 (2. 29b) 
Consider the fir st and third terrns in Eq. 2. 29a along with the 
assumed form of the solution, Eq. 2.25. The first term becomes: 
2n 2n J x cos 8 de "" J -X 0 2 cos 2 e de = - n X 0 2 (2.30) 
a a 
and the third term becomes 
2n 2n J Cocos (A - co) cos ede = J C ocos 2 e cos cp de = n Cocosco (2.31) 
a a 
The integral which is the second term in Eq. 2. 29a, referring to 
Fig. 2.4, can be integrated over three intervals; hence: 
r 2n Frs 9 1 F ( ) S 2n- e1 F:3 (x) J C M cos e d8 = C 1 ~ cos e de + C M cos 9 de 
a oM e 1 M 
+ J2
TT 
F1 (x) cos e de 
C M 
2TT- 91 M 
(2.32) 
In order to solve Eq. 2.32 so that the solution to Eq. 2. 29a can be 
obtained it is neces sary to evaluate the restoring forces F 1 (x) and 
F:3 (x) for a particular system. of mooring lines. To carry out the 
indicated integrations it is assumed that the functions F 1 (x) and F 2 (x) 
can be represented reasonably well over the range of displacements 
which are of interest by polynomials consisting of terms which are odd 
powers of x. Therefore, the following approximations are used: 
(2.33a) 
(2.33b) 
The odd powers of x are used so that the restoring force reverses sign 
correctly in the equation of motion. It will be shown that for most cases 
26 
Eqs. 2. 33a and 2. 33b are good approximations to the restoring force 
and fit the restoring force particularly well when small boats are 
moored with slack lines. The solution to Eq. 2.32 is obtained by sub-
stituting Eq. 2.25 into Eqs. 2. 33a and 2. 33b and then introducing the 
resulting expressions into Eq. 2.32. After integration Eq. 2.32 
(2. 34) 
The ratio ~ which appears in Eq. 2.34 can be replaced by -cos 81 
(see Eq. 2.26). Therefore, before Eq. 2.34 can be solved for a 
particular value of X, the angle of zero crossing, fh, must be obtained. 
An expression which can be solved for 81 as a function of X can be 
27 
obtained by averaging the equation of motion (Eq. 2.24) over one wave 
period. When this is done only one term remains: 
(2.35a) 
or: (2.35b) 
After substituting Eqs. 2.33, 2.25, and 2.26 into Eq. 2. 35b and per-
forming the indicated integrations the following equation is obtained in 
terrns of X and 81 , 
{-r1 X cos (h - [ cos3 81 + i cos 81 ] r 2 X 3 
- [cos b Al + 5 cos3 Al + Ii cos 81 J rs X b } ". 
+ {(r1 -adXcos81 + [coS3 81 + ~ cos Sl}r2 -a2 )X3 
+ [coS5 8 1 + 5 cos381 + l:cos 8 1} rs -as )X5}Sl 
+ {(a1 - r 1 )X + [3 cos 281 + ~ J (a 2 - r 2 )X3 
+ [5 cos481 + Ii cos2 81 + i ](as - r s )X5} sin 81 
~[3 ] [5 5 ] . +{ '4 cos 81 (r2 - a 2 )X3 + 2" coss 81 +4 cos 91 (r:raa) X 5 } 
+ {1~ (a2 - r 2 ) X 3 + [i cos 2 81 + 458 J (as - rs) X5} sin 3'h 
+ {[3~ cos 81 ] (rs -as )X5} sin 48 1 
+ {8~ (as -rs)X5} sin 58 1 ::: a (2.36) 
Hence, for a particular mooring configuration, i. e., given values of 
the coefficients a p a 2 , as and r 1 , r 2 , r s ' the variation of 81 with X 
can be determined from Eq. 2.36. From this variation Eq. 2.34 can 
then be evaluated. 
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Eq. 2. 29b can be solved in a similar manner. In the evaluation of 
the integrals in this equation it can be shown that the first and the 
second terms are identically equal to zero, and hence, Eq. 2.29b 
becomes: 
2rr S 'a cos (8 - cp) sin 8 d 8 = , a sin cp = 0 
o 
(2.37) 
Therefore: CO = 0, rr; which is as it should be for the forced oscillations 
of an undamped dynamic system. The response is in phase with the 
forcing function to one side of resonance and 1800 out of phase with 
the forcing function to the other side of resonance. 
Substituting Eqs. 2.30 and 2.31 into Eq. 2. 29a the following 
general expression is obtained which describes the response in surge 
of the arbitrarily moored body in terms of its maximum displacement 
in the positive x-direction from the at-rest-position: 
(J2 + ((1 - cos 81) 
X 
where 
max 
X = 6 + X 
max 
6 
= - X 
and X = X( 1 - cos 81 ) max 
(2.38) 
The integral in Eq. 2. 38 is given by Eq. 2.34 with the variation of 81 
with X given by Eq. 2.36. It should be noted, the Hlost straightforward 
solution to Eq. 2.38 is to solve it for (J given values of ,. X. and 81 , 
Since the maximum disp1acelnent in the negative x-direction, X .• 
mIn 
can be obtained from the relation: X . ::: 26 - X • the complete 
mIn max 
response curve is fully defined. 
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Eq. 2.38 and the equations it depends upon are difficult to interpret 
in this form for the case of the response of a body with non-linear 
asymmetrical restoring forces. Therefore, certain special cases 
which result from. simplifying Eq. 2.38 will be discussed in detail 
before proceeding with the more general discussion of small-boat 
mooring problems. 
As a first case the simple problem of a linear-symmetrical re-
storing force is considered. For this system the approximate 
expressions for the restoring force (Eqs. 2. 33a and 2. 33b) are simpli-
fied since a 1 = r 1 and a 2 = as = r 2 = rs = O. Therefore, Eq. 2.36 
becomes: n r 1 X cos 8 1 = 0 or 81 = n/2. This is correct, since the 
problem under consideration has symmetrical restoring forces. With 
this restoring force, Eq. 2.34 becomes: 
.. 2n J F r cos 8 de = TT r 1 X. 
o 
(2.39) 
Substituting Eq. 2.39 into Eq. 2.38 that expression reduces to Eq. 
2.21. (This, to some extent, serves as a check of the computational 
procedure. ) 
The case of the bilinear asymmetrical restoring force shown in 
Fig. 2.2. b is interesting because it represents a first approximation 
to the analogous non-linear problem. In this case a 1 f- r 1 and as before 
a 2 = as = r 2 = rs ::: O. With these substitutions Eq. 2.36 reduces to: 
(2.40) 
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(This case can also be reduced to the condition of a symmetrical re-
storing force by letting a 1 = r 1 ; tan A1 goes to infinity and 8 1 goes to 
n/2, the condition of symmetry as mentioned previously.) When 
r 1 » a 1 , Eq. 2.40 becomes: 
(2.41 ) 
and Eq. 2.41 is satisfied when 8 1 = n which is the condition of extreme 
asymmetry with motion only in the positive x-direction. For a 1 » r 1 
Eq. 2.40 becomes: 
tan 81 ;' A, 1 (2.42) 
which is satisfied for 81 = O. Again this is a highly asymmetrical 
case, but the motion of the 'moored ves s el is now only in the negative 
x-direction. 
2. 1. 3. Linear Symmetrical Spring System with Free Travel 
An interesting restoring force system which bears 
some resemblance to the physical problem under consideration is the 
case of a linear symmetrical spring syste'm with free travel, such as 
shown in Fig. 2.2c. This system is interesting becau.se the restoring 
force becomes non-linear and the exact solution to the free oscillations 
of amass restrained in this way has been reported in the literature 
(Den Hartog (1956)); therefore, it provides results which can be com-
pared readily to the method developed in Section 2. 1. 2. It also 
demonstrates how a simple approximation to the restoring force 
function can lead to erroneous results. 
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The example which is chosen is hypothetical and consists of a 
:mass of 260 slugs (lbs sec 2 /ft) restrained by linear springs which 
allow a free travel of 6f = O. 8 feet before the restoring force is intro-
duced. The expres sion which describes this restoring force is given 
as: 
(2. 43) 
This expression is presented in Fig. 2.5 where the abscissa is the 
applied force F and the ordinate is the resulting displace:ment. An 
r 
approxi:mation that is usually :made to such restoring force syste'ms is 
that it is adequately described by an expression of the for:m F = Kxn. 
r 
It is seen in Fig. 2. 5 that, for this case, approximation to the restoring 
force is poor. Nevertheless a curve of this for:m is fitted to Eq. 2.43 
and for a best fit to the given curve over the region of large forces 
the following expression is obtained: 
F = 1740 x 6.3 
r 
(2.44) 
Den Hartog (1956) has derived the following expression for the 
period of the free oscillations of amass restrained by linear springs 
with free travel: 
J¥ 2 6 f 'f = 2rr K (1 + - =---IT X - 6f (2.45) 
where M is the :mass, K is the spring constant of the springs used, and 
6f is thea:mount of free travel. . Eq. 2.45 shows that indeed the dynamic 
response of this :mass is non-linear, i. e., the period 'f varies with the 
a:mount of initial deflection X. 
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In order to apply the method described in Section 2. 1. 2 to 
determine the free oscillations. a polynomial of the form of Eg. 2.33a 
is fitted to Eq. 2.43; the result is presented in Fig. 2. 5. The periods 
of the free oscillations obtained from Eq. 2.45 are presented in Fig. 2.6. 
This shows that for deflections less than bof , the free travel, there is 
no defined period of oscillation since there is no restoring force. As 
the deflection increases the period of oscillation decreases. The free 
oscillations obtained from Eq. 2.38 are also shown in Fig. 2.6 and 
the values agree quite well with ,Eq. 2.45. A third curve is shown in 
Fig. 2. 6 which was derived in accordance with the approach of Wilson 
(1958) using Eg. 2.44 to represent the restoring force. It is seen that 
in general the agreement between this result and the others is poor. 
This is because Eg. 2.44 does not provide as good an approximation to 
the restraining force as does the power series of Eg. 2.33. Therefore, 
in general, for cases where bodies are restrained by a system with 
significant free travel, it is considered unrealistic to fit an expression 
of the form F = Kxn to the restoring-force curve and expect to obtain 
r 
the dynamic reosponse of the body within a reasonable degree of accuracy. 
2.2 Restoring Force for Moored Small Boats 
In the previous sections the discussion has dealt primarily 
with the development of the dynamic response of a moored body given 
the restoring force which restrains the motion of the body in surge. 
In this section the variation of the restoring force with boat displace-
ment will be determined as a function of the elastic characteristics of 
the mooring lines and the geometry of the mooring system. 
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Consider first the schematic diagram of Fig. 2. 7 which shows a 
block body (representing the small boat) m.oored with four lines to a 
dock. Initially the lines are slack by some arbitrary mount 6.t. Upon 
m.ovem.ent of the body in the positive x-direction this slack becom.es 
zero after the boat m.oves through a distance 6 f denoted as the free 
travel. Until the vessel has m.oved this distance the restoring force is 
considered to be zero. This is peculiar to the small boat case where 
the lines used usually have a sm.all unit weight and the restoring force 
is considered to develop only due to the elastic characteristics of the 
lines. Therefore, when x :.:: 6 f the line tension is equal to zero (T':< = 0), 
::!c 
and T becomes greater than zero for x > 6f' 
The restoring force F shown in the plan view of Fig. 2. 7 is equal 
r 
to the sum. of the x-com.ponents of the line tensions, T':<, for all lines 
acting to restrain the boat's n1.otion in a given direction. Hence: 
N 
=2 
-,-
F -,-T 
r x 
n=l n 
(2.46) 
x 
n 
is the x-co'mponent of the tension in one line and N is the 
total num.ber of lines restraining the boa t from m.otion in a given 
direction. From. the geom.etry shown in Fig. 2. 7: 
T* 
x 
n 
= T* cos S cos a 
n n n 
(2.47) 
It should be noted that the im.plicit as sumption in Eqs. 2. 46 and 2. 47 is 
that only boat m.otion in surge is being considered, i. e., pitch, yaw, 
and roll are considered negligible. This m.ay or m.ay not be true; 
however, this assum.ption is consistent with the previous development 
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and it is felt that the results which this approach yields will describe 
sorne of the salient features of the rnotions of srnall rnoored boats. 
In fact since there is a vertical cornponent of resto:dng force arising 
frorn the line tension the boat will pitch as it rnoves in sur ge an arnount 
such that the change in buoyancy equals the change in this cornponent. 
This does not appear to have a significant effect on the restoring force 
or the periods of oscillation as will be shown in Section 4. 
It is as sumed that the elastic characteristics of the mooring line 
can be represented as: 
-,-
-,-
T 
~~ 
T Brk. 
m 
= R E: (2.48) 
where T':< is the average breaking strength of the particular line, Brk. 
E: is the strain (total elongation divided by length), and Rand rn are 
constants. It will be shown in Section 3 that Eq. 2.48 is a reasonable 
approxirnation to the stress-strain curve for the types of rnooring lines 
and the limited range of elongation which are of interest in this study. 
Consider the definition sketch of a typical line shown in Fig. 2. 8. 
In this case it is assumed that the line goes frorn a cleat on the dock to 
the boat, passing through a guide at its point of first contact with the 
boat and finally it is fastened to a cleat or bit on the boat. Therefore, 
the line is divided into two sections: the first section going frorn dock 
to boat with a length t + {:, t, and the second section on the boat with a 
length t 1 • 
It is as su'med that for relatively srnall rnovements of the boat and 
reasonably srnall line slack compared to the length of lines that the 
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angles a and 8 do not change significantly after. the boat has moved 
through the distance of free travel Ai. Therefore, using the notation 
of Fig. 2.8 these angles can be expressed as: 
Y 2 J.. 
cos a = [1 _ a ] 2 
(t+6t)2 
(2.49a) 
[ 
Z 2 It 
cos 8 = 1 _ a 
(t+6t)2 J 
(2.49b) 
The free movement of the boat from point 1 to point 2 in Fig. 2. 8 
can be expressed as: 
t 
6f = [( t + 6t)2 - Y 2 - z 2l - f a 0 -' (2. 50) 
and since t2 = f2 + Y 2 + Z 2, Eq. 2. 50 can be rewritten as: 
a a 
(2. 51) 
If thernovement from. point 2 to point 3 is defined as Xl, i. e. , 
Xl = X - 6f' then this displacement can be determined from the applied 
force and the elastic characteristics of the lines (from Eq. 2. 48) once 
the distance Xl is defined in terms of geometry. 
2 ~ 
Xl = {[(t l + et") cos s] - Y02}2 - (f + 6f ) (2.52) 
where: tl = t + tot 
40 
Eq. 2.52 can be rewritten using Eq. 2.49b as: 
where: 
[ Zo 2 J [2eVI et" 2J A = 1 - (-;[1-) ---:[I"" + (7 ) 
= (tl)2 _ Y 2 
o 
_ Z" :2 
o 
Eq. 2. 53 can be expanded as: 
{
f' 1 £1 -1 1 £1 -3 ~ 
x I + (f + 6:.:£) = t I V + "2 ( V) A - "8 (1') A + ... } 
(2.53) 
(2.54) 
For small elongations of the line and € til « t I the quantity A becomes: 
til { [Z J 2} A ;' 2 etl 1 - t~ (2. 55) 
Since the ratio Z ttl is usually less than unity (but not much less than 
o 
unity), terms of order A:2 and higher are neglected in Eq. 2.54. (The 
third term and other higher order ter"ms, in the series of Eq. 2. 54 can 
be shown to be of order E: and smaller when compared to the second 
term and hence justifiably neglected.) Therefore, with these simpli-
fications the following expression is obtained for the boat displacement 
Xl due to the elastic elongation of the line: 
I '"::: ~ (1 _ rZo l2} P II 
X - fl L Lt I J e'V (2. 56a) 
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or the line elongation is: 
x - 6 
e:t II ;' -----f:::..z-~2,-- (2. 56b) 
~: {I - [t~J } 
Therefore,the tension in the line can be determined from Egs. 2.48 
and 2. 56b as: 
(2. 57) 
where Kl = R T~~rk.' Substituting Eq. 2. 57 into Eq. 2.47 the following 
expression is obtained for the co'mponent of tension in the x-direction 
of a particular mooring line in terms of its elastic characteristics and 
its 'mooring geo'metry: 
2 .1. 
[ (YO\]2 1 -" tl ) _ [ l m 
=r_l-_-,'r-~Z~"-)""2""':l:':""'(-m--~i""") x - 6f .J 
\p/ J 
(2. 58) 
The method of approach used in determining the variation of the 
restoring force with the displacement of the boat in the direction of 
either 'the bow or the stern follows directly from Egs. 2.46 and 2. 58. 
For a given boat displacement, x, the components of the line tensions, 
,', 
T'" , computed from Eg. 2.58 and the corresponding elastic character-
x 
n 
istics Kl and m, are summed in accordance with Eq. 2.46. Repeating 
this for a number of arbitrary displacements, x, which are greater 
than 6f the re sultant restoring force curve is obtained as F r as a 
function of x (see the schematic curve in Fig. 2.8). 
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3. ELASTIC CHARACTERISTICS OF MOORING LINES 
In order to deter"mine the dynamic response of a moored boat. as 
described in Section 2. it is first necessary to predict the variation of 
the restoring force with boat displacement due to a particular mooring 
system. Eq. 2. 58 shows that once the mooring geometry is known. 
within the assum.ptions made. the restoring force can be evaluated if 
the necessary coefficients which describe the elastic nature of the 
lines (K 1 andm) are known. Two sources of information have been 
used to evaluate these elastic characteristics in this study: a series 
of laboratory tests and information supplied by manufacturers . 
3.1 Laboratory Tests 
A typical section of a mooring line was tested in the laboratory 
to determine its tensile properties. The rope used was a length of a 
three-strand twisted-standard lay manila rope with a 5/8-inch nominal 
diameter. (A sample of the rope is shown in Fig. 3. 1 splayed to show 
the strands.) This test specimen was new and it was taken from a line 
which was used in a prototype study of mooring systems which will be 
discussed in detail in Section 4. The rope used in the tension tests is 
also shown in Fig. 3. 1 and it had an initial length of 17. 06 inches 
measured between the attached steel mounting blocks. These blocks 
were attached to the rope to facilitate testing and are fixed to the rope 
by means of a commercial polyester resin (Polyester 4130 American 
Cyanimid Boat Resin). Each steel block was machined with a tapered 
hole running its full length. The rope was then fitted through the 
small end of the hole. splayed and set in the resin. In this way the 
rope was bonded to the mounting blocks in such a way that as a tensile 
Fig. 3.1. Sample of 5/8"-inch Nominal Diameter Manila Rope and 
Test Specimen 
~ 
v.> 
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force was applied, the cone-shaped resin would form an even stronger 
bond with the blocks. It was observed that the resin formed a 
perfectly adequate bond with the steel over the range of applied loads 
and there was no observable slip between the rope and the steel 
mounting blocks. 
The specimen was mounted in an Instron Tensile Testing Instru-
ment (MODEL TTCL) which was used to determine the stress-strain 
characteristics of the rope. The machine is an automatic instrument 
that moves the specimen clamping blocks apart at a constant pre-
determined rate and measures the induced force by means of a cali-
brated load cell. The electrical output from the load cell drives the 
stylus of an x-y plotter whose paper speed is proportional to the rate 
of elongation of the specimen. An advantage of this machine, in 
addition to the features described, is the ability to easily vary the 
applied load. For instance, a specimen can be stressed a desired 
amount and then the direction of motion of the clamping blocks 
reversed so that the tensile force is reduced to zero. This can be 
repeated thereby inve stigating the effect of cyclic loading on the 
elastic properties of the rope. 
The results of these tests are presented in Fig. 3.2 which shows 
the variation of the strain (per cent elongation) with the resultant 
tensile force. The breaking strength of this rope, obtained from other 
sources, is approximately 4400 lbs. The different symbols used in 
this figure denote the results for the irtdicated loading cycle. The 
specimen was stressed through a total of 14 cycles. It is interesting, 
~OO, ~ 
6001~-----t----~F=~~+-~----
400~1 ------+------4----~~_+--
200~1 ------+------4----r--+ 
T-
(LBS) 
I~~ j'-------+-------t 
60 '-I ----+-----
40 ~f ---1---
NO. OF 
SYMBOL ICYCLES 
& 2 
e 3 
• 4 
e 5 
II 6 
20 r- I I I I : I : 
II 12 
• 14 
10L' ______ ~ ________ ~ __ _L __ ~_L ______ ~ ________ ~ __ _L ____ ~ 
.I .2 .4.6.8 1.0 2.0 4.0 6.0 10 
0/. ELONGATION 
Fig. 3. 2. Results of C. 1. T. Tension Tests 
on Manila Rope: Applied Force 
vs. Percent Elongation 
~ 
C!) 
100 
80 
60 
40 
~ 20 
a:: 
~ 
(I) 
C!) 
z 
52 
« 10 
LIJ !fi 8 
l!5 
-,! 6 
4 
2 
NEW 
.).. ;:-:::. 
g g4l"-~~ 
DUPONT r1f V- r-'BROKEN-IN H 
-("BROKEN-INn) 1 flCX!: "/ G -I I·;' .' fi4/VY .ANLAL~, k?i "I; : /.' ($' i 
-----c:lT.' f--"-t . / 
(OIBROKENZ----I/ / r--
I DATA FROM: 
-d (~~~!ft/ CUP"'T BULLET'N '-92 -TUSBS OCT., ~ 
I . /' TUBBS GREAT WESTERN 
CORDAGE PUBL. 5-19 
CoUP6NT7 I / 
2 4 6 8 10 20 40 60 80 100 
0/. ELONGATION 
Fig. 3. 3. Percent Breaking Strength 
vs. Percent Elongation: 
Manila Rope 
.4 
U1 
46 
in the data of Fig. 3. 2, that the curves which correspond to 4 cycles 
of loading and less are grouped together and those for greater than 
4 cycles of loading are grouped together. Since the elongation data are 
referred to the original length (17.06 inches) the latter trend indicates 
a permanent set as the specimen is repeatedly stres sed or "broken-in". 
In both cases the load-elongation data presented are only for the case 
of the load being applied; when the load is being removed the results 
tend to follow a different relation. These data show that for this rope, 
over the range tested, the tensile force can be expressed approximately 
in the form: 
(3. 1) 
where € is the elongation. This same for'm for the variation of tensile 
force with elongation is proposed by Wilson (l967b). 
3. 2 Manufacturer s I Data 
Additional information on manila rope has been obtained from 
two manufacturers (Tubbs Great Western Cordage (1967) and E. 1. 
DuPont de Nemours and Co., Inc. (1958». These data are presented 
in Fig. 3.3 for manila rope as the variation of the tensile force in per 
cent of the breaking strength with the percent elongation for different 
loading conditions. In addition, average data from the laboratory tests 
shown in Fig. 3. 2 (indicated in Fig. 3.3 as C. 1. T. ) are included. The 
breaking strength of the ropes used was 4400 Ibs. Referring to Fig. 3. 3 
it is seen that the tests run by DuPont were for two different rope 
conditions: new rope and "broken-in" rope, where the latter refers 
to the rope after repeated loadings. In addition to these conditions 
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te sts were run with the specimen dry and wet. These data indicate, 
for the new rope, approximately the saIne stress - strain relationship 
independent of whether the rope is wet or dry. However, the relations 
are radically different for the rope after repeated loadings. Only one 
curve is reported by Tubbs Great Western Cordage and this is referred 
to in their publication as the approximate working elasticity after 
permanent elongation; hence, this should correspond more to the case 
of "broken-in" lines. 
From these data, at best one can say that for manila rope one 
would expect a relatively wide variation in restoring force acting on a 
moored boat depending on the condition of the rope. Therefore, it 
would be difficult to predict exactly the dynamic response of the 'moored 
boat from the type of line and the boat-mooring geometry. However, 
it is felt that a reasonably reliable estimate can be made from the 
judicious use of data such as that presented in Fig. 3.3. This will be 
discussed more fully in Section 4. 
Information similar to that obtained for manila rope has been 
obtained for Nylon rope from the manufacturers. These data are pre-
sented in Fig. 3.4 as the variation of the applied load expres sed as a 
percentage of the breaking strength with percent elongation. As seen 
in Fig. 3.4 the data from the manufacturers is not nearly as variable 
for Nylon as for manila. An interesting difference between the two 
materials is that although Nylon becomes stiffer as it is "broken-in", 
again probably due to an adjustment of the fibers, the shift is not as 
great as for manila. The information from Tubbs Great Western 
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Cordage appears to agree better with the DuPont results for new rope 
than for "broken-in" line. For both series of tests Nylon appears to 
be a material which is more elastic than manila and would result in 
larger boat motions for the same applied force in the absence of 
dynamic effects. For Nylon ropes an expression of the form of 
Eq. 3. 1 also appears to fit these data reasonably well. 
In Fig. 3.5 stress-strain curves are presented for four different 
materials from data obtained from Tubbs Great Western Cordage. 
The data for manila and Nylon have been presented previously in 
Figs. 3.3 and 3.4. It is seen that all data appear to be of the form 
described by Eq. 3. 1. The coefficients shown in Table 3.1 have been 
obtained from fitting Eq. 2.48 to the data of Fig. 3. 5. 
Table 3.1. Coefficients in Stress-Strain Relation: 
* T = R em 
T"~Brk 
MATERIAL R m 
MANILA 18. 1. 48 
DACRON 25.15 1. 70 
POLYPROPYLENE 5.72 1. 62 
NYLON 2.54 1. 65 
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In addition to these data, information on the breaking strength of 
various ropes is presented in Table 3.2. These data were extracted 
from Tubbs Great Western Cordate (1967) and when used "in conjunction 
with information such as that presented in Table 3. lone can obtain the 
constants Kl and min Eq. 2.58. (Wilson (1967b) has also presented 
information on the breaking strength of ropes of various materials 
which can be used in lieu of the data presented in Table 3. 2. ) Therefore, 
from the mooring dimensions and the information from Tables 3. 1 and 
3.2 the variation of the restoring force with displacement for a par-
ticular moored boat can be estimated in accordance with Eq. 2. 58. 
lt is felt that although this approach cannot be exact, due to the variation 
in the elastic characteristics of the lines, it provides data from which a 
reliable estimate of the boat-mooring dynamics can be obtained. 
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Table 3. 2. Tensile Strength of Various Three-Strand 
Twisted-Standard Lay Ropes* 
-" SIZES TENSILE STRENGTH IN POUNDS T"-BRK 
IN 
INCHES Minimum Approximate Average 
Circ. Dia. Manila Nylon Dacron Polypro-
pylene 
5/8 3/16 450 1,000 1,000 800 
3/4 1/4 600 1,650 1,650 1,250 
1 5/16 1,000 2,550 2,550 1,900 
1-1/8 3/8 1,350 3,700 3,700 2,700 
1-1/4 7/16 1,750 5,000 5,000 3, 500 
1-3/8 15/32 2, 250 
- - - - - -
1-1/2 1/2 2,650 6,400 6,400 4,200 
1-3/4 9/16 3,450 8,000 8,000 5, 100 
2 5/8 4,400 10,400 10,000 6,200 
2-1/4 3/4 5,400 14,200 12,500 8, 500 
2-1/2 13 /16 6, 500 
- - - - - -
2-3/4 7/8 7,700 20,000 18,000 11, 500 
3 1 9,000 25,000 22,000 14,000 
3-1/4 1- 1/16 10,500 - - - - - -
3-1/2 1- 1/8 12,000 33,000 29,500 18,300 
3-3/4 1- 1/4 13, 500 37,500 33,200 21,000 
4 1- 5/16 15,000 43,000 37,500 23, 500 
4-1/2 1- 1/2 18, 500 53,000 46,800 29,700 
5 1- 5/8 22, 500 65,000 57,000 36,000 
5-1/2 1- 3/4 26,500 78,000 67,800 43,000 
6 2 31,000 92,000 80,000 52,000 
6-1/2 2- 1/8 36,000 106,000 92,000 61,000 
7 2- 1/4 41,000 125,000 107,000 69,000 
7-1/2 2- 1/2 46, 500 140,000 122,000 80,000 
8 2- 5/8 52,000 162,000 137,000 90,000 
8-1/2 2- 7/8 58,000 - - - - - -
9 3 64,000 200,000 174,000 114,000 
10 3- 1/4 77,000 250,000 210,000 137,000 
11 3- 5/8 91,000 300,000 254,000 162,000 
12 4 105,000 360,000 300,000 190,000 
RECOMMENDED SAFE 
WORKING LOAD 
(Based on the Percent 
of Tensile Strength) 200/0 110/0 11% 17% 
-" 
"-Abstracted from Tubbs Great Western Cordage Form 1 04, 
Jan. 19, 1967. 
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4. PROTOTYPE MOORING STUDY: HARBOR BOAT NO.3 
In this section a series of experiments will be discussed which 
were conducted on a small moored boat. The purpose of the experi-
'ments was to study the free oscillations of a small boat moored with 
bow and stern lines in a typical slip at a local small-boat harbor in 
order to determine the reliability of the analytical approach presented 
in Section 2 of this report. 
4. 1 Description of Boat and Its Mooring System 
A photograph of the boat used in these experiments is pre-
sented in Fig. 4. 1 and it will be referred to in this discussion as 
Harbor Boat No.3. The boat was operated by the Harbor Patrol of 
the Department of Small Craft Harbors, County of Los Angeles, at 
Marina del Rey (a small-craft harbor located near Los Angeles, 
California) and was built to their specifications by United Boatbuilders, 
Inc., Bellingham, Washington. The nominal di'mensions of the boat, 
as transmitted by private communication with the builders, are shown 
in Table 4. 1. 
Table 4. 1. Nominal Dimensions of Harbor Boat No. 3 
Length 26 feet 
Beam 9 feet - 2 inches 
Maximum Draft 2 feet - 4 inches 
Approximate Displacement 
(unloaded) ~200 lbs 
. 
t 
. $ 
. I ~-.• 
Fig. 4.1. Harbor Boat No.3; Length = 26 ft, Loaded Displaced Weight?; 7000 lbs. 
U"l 
VJ 
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From discussions with the harbor personnel it was determined that 
the displaced weight submitted by the builders was low due to the 
exclusion of certain special equipment subsequently added after delivery. 
A more realistic displaced weight was considered to be 7000 lbs. There-
fore, in all subsequent calculations the mass of Harbor Boat No. 3 
will be based on a displaced weight of 7000 lbs. 
Figs. 4. 2 and 4.3 show the shape of the boat in some detail. 
Fig. 4. 2 is a drawing of the plan view and elevation of the ves sel and 
Fig. 4.3 is a drawing of the boat-lines. The forrner figure is self-
explanatory; however, some comment is necessary to describe Fig. 4.3. 
The shape of hull of the boat is shown in Fig. 4.3 in detail which 
is sufficient for construction purposes. The upper portion of the 
figure is the combination of all cross sections of the boat for 2 foot 
stations from the bow to the stern. One could view this portion of the 
figure as templates of the hull of the boat. By passing planes through 
these eros s - section shapes parallel to and perpendicular to the water 
line, the curves drawn in the lower portion of Fig. 4.3 are constructed. 
This part of the figure shows the outline of the hull which would occur 
on these horizontal and vertical planes in plan and elevation views. 
The small draft of this vessel is evident from the nominal water line 
shown on the drawing (this water line is for the displaced weight pre-
sented in Table 4.1). The waterline-length for this displaced weight 
is approximately 22 feet - 9 inches. Fig. 4.3 shows that the shape of 
the hull is more of a modified "Vee" shape rather than the block body 
shape assumed in the analysis. However, for small drafts it is felt 
that the underwater shape can be reasonably approximated by a block 
= s===; 
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Fig. 4. 2. Plan View and Elevation Drawing of Harbor Boat No. 3 
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body; the length and draft of this approximate shape and the effect of 
the shape upon the boat response will be discussed fully later. 
Various slip configurations are used in small craft harbors and 
in fact these systems vary in a particular marina. In this study the 
slip used was floating: free to move vertically but constrained in other 
directions. The slip is supported by buoyancy chambers located 
beneath wooden walkways and constrained by piles which essentially 
act as rails to guide the vertical movement. A portion of one such slip 
can be seen in the photograph Fig. 1. 1. The flotation chambers cannot 
be seen, but they consist of air -filled rectangular boxes. The s lips in 
general use at Marina del Rey are sized for one boat per slip and a 
plan view of the slip used for the experimental program is shown in 
Fig. 4.4. Since the boat has an overall length of approximately 26 feet 
and a beam. of approxim.ately 9 feet there is adequate clearance between 
the boat and the dock. It should be noted at this point that in general 
this is not the case, i. e., the clearance between the bow of the boat and 
the slip is usually much less. 
Harbor Boat No. 3 was moored using a four-point mooring system 
similar to the schematic sketch presented in Fig. 4.4. New 5/8-inch 
diameter manila rope was used for the mooring and a section of this 
rope was tested in the laboratory to determine its elastic characteris-
tics (see Fig. 3.2). Using the nomenclature of Fig. 2.8, the dimen-
sions of the mooring lines used are pr esented in Table 4. 2 for the 
condition of all lines taut. 
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Fig. 4. 4. Schematic Drawing of Slip, Mooring System, 
and Harbor Boat No. 3 
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Table 4. 2. Di:mensions of Mooring Lines of Harbor Boat No. 3 
Bow Lines Stern Lines 
Port Starboard Port Starboard 
.J, 
16. z 27.5'" 29. 18. 
0 
Yo 27. 32. 33. 36. 
f 60. 57. 76. 80. 
t 71. 72. 85. 89. 
tl 36. 36. o. O. 
':<Note: all di:mensions in inches 
It is seen fro:m the data shown in Table 4. 2, that although an atte:mpt 
was :made to :moor the boat in the center of the slip, this objective was 
not achieved exactly. The length of ITlooring line, t, shown in 
Table 4. 2 is for the case of all lines taut; in the tests two other cases 
were exa:mined: 4 inches and 8 inches of slack in all lines. 
4.2 Experi:mental Equip:ment and Procedure 
The basic principle of the testing was si:mple, since the 
ultimate objective of the experiments was to obtain the period of free 
oscillation of a typical s:mall boat :moored in various ways. The pro-
cedure was to first displace the boat fro:m the at-rest-position in 
either the direction of the bow or the stern by a known force and then 
release it photographing the :motion of the boat in surge upon release. 
A photograph of Harbor Boat No. 3rnoored in the test- slip showing 
so:me of the experi:mental equip:ment used is presented in Fig. 4. 5. 
_-,'--1'7;..' _ • 
.• /._2 
'T-~~' ... 
<:;.~~ 
Fig. 4. 5. Photograph of Harbor Boat No. 3 and Experi:mental Equip:ment 
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The time-history of boat motion was determined from ':cloving 
pictures taken of a scale firmly fixed to the boat. The scale can be 
seen in Fig. 4. 5 mounted in a horizontal position to a fixed vertical 
post on the boat. Also on the boat is an electric stop clock which could 
be read to within ± 0.05 sec. The movie camera was mounted on a 
tripod which was located on the floating dock. This camera was a 
Bolex Hl6 Reflex and was operated electrically through a specially 
designed time-lapse control. The time-lapse control permitted the 
film frame s to be advanced in the camera at a pr edetermined time 
interval. A photograph of the camera and time-lapse control is shown 
in Fig. 4.6. The control can be set to advance the film in calibrated 
intervals of one sec (except for the fastest rate which is at a O. 5 sec 
interval or at a variable time interval ranging from 0.5 to 2.5 secs. 
By including the electric clock in the film frame, it was possible to 
eliminate the need for accurate setting of the time-lapse interval and 
a time reference could be evaluated directly. In addition to the 
camera, a surveyor I s transit was placed nearby so that a check of the 
scale movement could be obtained. 
By suitable rigging, ropes were attached between the boat and the 
piles which guided the floating ships. These ropes, as shown in 
Fig. 4.4, were used to displace the boat in either the positive or 
negative x-direction. A load cell was mounted between the line and 
the support pile to determine the force with which the boat was de-
flected. This load cell was a Martin Decker Tension Load Cell (SD 
Series) with a scale divided into one poun,j increments. Between the 
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load cell and the boat the manila line used for displacing the boat had 
a small loop in it. The upper portion of the loop was held in place by 
relatively thin nylon cord. When a force wa.s indu.ced in this line 
re suIting in a boat displacement, this force was transmitted from one 
part of the rope used for displacement through the nylon cord to the 
other section. The nylon cord was cut after displacing the boat the 
desired amount thereby suddenly releasing the boat without damaging 
the "displacement-rope". This had two advantages: the boat could be 
released nearly instantaneously without the displacement rope inter-
fering with the motion and this rope was not destroyed each time; the 
former was the most important. A mechanical "chain-fall'! was placed 
between the load-cell and the pile to provide for reasonably large 
applied forces. However, it was found that the maximum possible 
force, which could be applied safely without harming the piles, was 
approximately 500 lbs. Therefore, two series of tests evolved: 
the first for applied loads of 200 lbs, and the second for applied loads 
of approximately 500 lbs. 
The point of load application on the boat was the forward bit for 
boat displacements toward the bow from the at-rest-position, and the 
stern bit for displacements in the direction of the stern. In both cases 
this point of application was above the center of gravity of the boat, so 
some pitching was introduced during the initial phases of an experiment. 
This feature of the tests will be discussed later. 
The test procedure was as follows. The boat was displaced by 
applying measured increments of force determined from the load-cell. 
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At the same time the boat displacement was recorded on film as well 
as ITleasured using the transit. This procedure was considered adequate 
for the case of taut lines. After determining the force-displacement 
characteristics of one set of mooring lines (bow or stern), the boat was 
displaced with a predetermined force (either 200 lbs or 500 lbs) and 
then released by cutting the nylon cord described previously. Since 
the movie ca"mera had been started prior to the release of the boat a 
cOITlplete tiITle-history of the moveITlent was then recorded on filITl. 
These filITls were analyzed in the laboratory frame-by-frame to 
determine the displacement-time history during free oscillation. 
After performing experiITlents for displacements from the bow, these 
experiITlents were repeated for displaceITlents from the stern. Similar 
experiITlents were condocted for the cases where line slack was intro-
duced. 
4.3 Measured and Predicted Restoring Force 
The variation of the restoring force with displacement in 
surge was deterITlined for three cases: all lines taut, 4 inches slack 
in all lines, and 8 inches slack in all lines. The results for the case 
of Harbor Boat No.3 ITloored with taut 5/8-inch ITlanila lines are 
presented in Fig. 4. 7 for the "mooring system shown schematically in 
Fig. 4.4 (see also the photograph, Fig. 4.5) and the mooring systeITl 
dimensions presented in Table 4. 2. 
In addition to the ITleasured variation of the restoring force with 
boat displaceITlent, curves which represent the predicted restoring 
force based on Eqs. 2.46 and 2.58 are shown. The elastic charac-
teristics of the ITlooring lines used for the predicted restoring forces, 
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i. e., Kl andm in Eq. 2. 58, were determined fro'm the results of 
tests of a short length of the rope which was used in the mooring sys-
tern (see Section 3.1). Referring to Fig. 3.3, the tests which corres-
pond to the curve which is designated as C.1. T. (new) were used to 
determine these constants. These data were used since they agreed 
well with those predicted by one of the rope manufacturers (Tubbs 
Great Western Cordage (1967)), and in addition the lines used in the 
field for the mooring could not be considered to be well "broken-in" 
lines. A factor which contributes to this is the difference which may 
exist between the elastic characteristics of a short section of rope 
which is exposed to cyclic loading in the laboratory and an actual 
mooring line five times as long exposed to similar loadings in the field. 
In the former case, gros s readjustments of the fibre orientation rna y 
occur over the full length of the test section for a relatively small 
number of loading cycles; however, in the latter case for a similar 
loading these adjustments may be more localized, i. e., limited to 
regions of the line near fittings. Therefore, the elastic characteristics 
obtained in the laboratory for small loading cycles would probably be 
the most realistic data to use when predicting the restoring force to be 
expected for narbor Boat No.3. 
In Fig. 4. 7 the agreement is only relatively good between the 
actual displacement and the predicted displacement for a given applied 
force. One major difference between the analytical model and the 
moored boat is the assumed condition of negligible pitch in the former 
case. Due to the change in the buoyancy distribution (and, therefore, 
the location of the center of buoyancy) caused by displacing the boat by 
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a force applied above its center of gravity, the force for a given dis-
placement could be greater or less than that predicted in a model 
without pitching. Actually the pitch, bow up or stern up, is also a 
function of the line arrangement so that it is difficult a priori to predict 
the magnitude and direction of the pitch. The change in the center of 
buoyancy is correspondingly difficult to predict due to the complex 
underwater shape of the vessel as shown in Fig. 4.3. Therefore, this 
simplified model cannot be expected to yield exact information on the 
expected restoring force for a given displacement. 
The measured force-displacement data for Harbor Boat No. 3 
moored with all lines with 4 inches and 8 inches slack are presented 
in Figs. 4.8 and 4.9 respectively. In both cases the results of the 
tests were somewhat in question due to the difficulty in obtaining an 
accurate measurement of the at-rest-position of the boat when moored 
with slack lines. Any small wave action caused the boat to surge to-
and-fro and even though this motion was averaged to determine the 
at-rest-position the result is questionable. For this reason this 
location was determined, for Figs. 4. 8 and 4.9, by taking the total 
recorded travel in the positive and the negative x-direction when a 
small load was applied and dividing this result by two. The displace-
ments were then referenced to this redefined zero. 
Although the force vs. displacement data obtained experimentally 
for the cases with line slack are not exact because of these problems, 
the measurement of the displacement-time history of boat motions 
during the free oscillations are accurate with respect to the arbitrary 
at-rest-position. Hence, the periods of free oscillation of the small 
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boat obtained with the boat moored in a nu'mber of different ways are 
considered to be correct since these periods are not affected by the 
somewhat arbitrary determination of the at-rest-position. Since the 
objective of these prototype measurements was to evaluate these 
periods, the limitation of the measurements which has been discussed 
is not considered to be serious. 
The pr edicted force-displacement curves for the cases of slack 
mooring are presented in Figs. 4.8 and 4.9 along with the measured 
data. The agreement between the measured and the predicted relations 
is poor primarily due to the difficulty in determining the at-rest-position 
as described previously. However, in both cases the slope of the pre-
dieted and measured curves are in agreement which indicates that 
although the free travel may not be predicted properly the method 
predicts the elastic characteristics of the lines reasonably well. 
The predicted force-displacement curves for the three cases are 
combined and presented in Fig. 4. 10 for the bow lines and the stern 
lines; these curves are the same as those shown in Figs. 4.7, 4.8 and 
4.9. Fig. 4.10 shows that only the force-displacement curves for the 
case of taut lines can be approximated by an expression of the form: 
F = Kxn; as soon as slack is introduced into the lines such an 
r 
expression does not fit the data welL 
Another interesting feature is seen in the results presented in 
Fig. 4. 10. Due to the different mooring geometry for the bow lines 
and the stern lines, the forrner represents a spring system which is 
not as stiff as the latter. Hence, the restoring force of the moored 
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boat would be non-linear and asynunetrical similar to that shown in 
Fig. 2.2e. However, when slack is introduced, this asymm.etrical 
effect is not as apparent, since it is m.asked by the free travel of the 
boat which is associated with the line slack. 
4.4 Measured and Predicted Periods of Free Oscillation 
As described in Section 4. 2, in order to m.easure the period 
of free oscillation of the m.oored boat it was initially displaced in 
either the direction of the bow or the stern and then released with time-
lapse moving pictures taken of the resultant motion. The film which 
was obtained in this way was analyzed in the laboratory on a film-fra"me 
analyzer. Employing this "method each fram.e is projected sequentially 
and the displacement of the scale mounted on the boat determined for 
each frame relative to the scale location when the boat is in the 
averaged at-rest-position (see Section 4.3). 
The free oscillations of Harbor Boat No. 3 moored with taut lines 
ar e shown in Figs. 4. lla and 4. 11 b. Fig. 4. 11a shows the displace-
m.ent-time history for the boat when a force of 500 lbs is applied to the 
bow by 4. 11 b presents sim.ilar data for a force of 500 lbs applied to 
the stern. In both cases the effect of dam.ping is obvious. The periods 
of oscillation were obtained from these records by measuring the time 
from. a maxim.um to the following m.inim.um and averaging these over a 
num.ber of cycles and m.ultiplying the result by two. Thus the average 
period of oscillation for the boat displaced from. the bow is 2. 60 sec 
and from the stern it is 3. 18 sec. If it had been pos sible to increase 
the applied force one would expect the pe riod of oscillation to decrease. 
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Similar tests were conducted with 4 inches of slack in all lines. 
The results of these tests are shown in Figs. 4. l2a and 4. 12b where 
the displacement is also plotted as a function of tirrie. In both cases, 
a 500 lb load applied to the bow (Fig. 4. 12a) and a 500 lb load applied 
to the stern (Fig. 4.12b), the period of oscillation was approximately 
the same: 6. 2 sec for an initial deflection toward the bow and 5. 6 sec 
for an initial deflection toward the stern. Damping is also in evidence 
in these two cases. 
Figs. 4. 13a and 4. 13b show typical examples of the free oscilla-
tions with 8 inches of slack introduced into all ·mooring lines. In both 
cases the important boat motions, from the point of view of the periods 
of free oscillation, occtD.' within 50 sec of release. Fig. 4. 13a shows 
the resulting motion after the boat had been displaced by a 500 lb 
force applied to the bow and Fig. 4. 13b is for the case of a 200 lb load 
applied to the stern. The average period of oscillation for the former 
case is 18.34 sec and for the latter case it is 22 sec. These two cases 
show how the magnitude of the applied force can affect the period of 
oscillation, i. e., increasing applied loads result in decreasing periods 
of oscillation. Since in most dynamic problems damping affects the 
magnitude of the ·motion to a much greater extent than it affects the 
period of the oscillation t~e effects of viscous damping which are in 
evidence in all of the results are not considered important with relation 
to the m.ain objective of this study. Figs. 4.11, 4.12, and 4.13 have 
been presented to indicate the form of the free oscillations; the periods 
of oscillation obtained from all tests are summarized in Table 4.3. (In 
all cases except one, for a given mooring condition the period of free 
oscillation decreases as the applied load increases. 
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Table 4.3. Periods of Free Oscillation of Harbor Boat No. 3 
Experiment Applied Force Line Period of 
No. To Bow To Stern Condition Oscillation 
(lbs) (lbl;l) (secs) 
A-I 500 Taut 2.6 
A-2 200 Taut 2.28 
A-2 500 Taut 3. 18 
C-5 200 4 in. slack 7.4 
C-6 500 4 in. slack 6.2 
D-4 200 4 in. slack 7.4 
D-5 500 4 in. slack 5. 6 
F-l 200 8 in. slack 19.9 
F-2 500 8 in. slack 18.3 
E-5 200 8 in. slack 22.0 
E-4 500 8 in. slack 15.9 
The results of these experiments have been compared to the results 
of the analytical study which was described in Section 2. It is noted that 
the condition of free oscillations is a special case of Eq. 2.24 when, 
(the maximum water particle acceleration averaged over the displaced 
volume of the body) is zero, i. e., the force acting on the moored boat 
is zero. In a similar way Eq. 2.38, which describes the dynamic 
response of the boat, is simplified and the relation between the initial 
boat displacement and the period of oscillation can be determined for 
the three mooring systems under consideration: taut lines (that is, 
zero slack in all lines), 4 inches slack in all lines, and 8 inches slack 
in all lines. The curves which result are presented in Fig. 4.14 as the 
z 
o 
~ 
U'i 
o 
a... 
I 
I-
Cf) 
W 
a:: 
I 
~ 
~ 
o 
a:: 
l.L. 
I-
Z 
W 
~ 
w 
u 
« 
~ 
a 
....I 
« 
I-
z 
X 
MAX 
(ft) 
77 
-ITT--l-I I I : 
HARBOR BOAT NO.3 
MOORED WITH 
2 f-----------t----1 ---- 5/a"MANILA ROPE -------1 
~ 
I 
I I 
I 
;~ 
:0 
Ii 
! ~ 
10 
!f-
WITH VARYING SLACK 
---....... _ -- ~ -------i ,.-
iii-
Of---~--~-~-+_+---+---_r--+_;_~---+_---r_~~~ 
ZERO 
SLACK 
" ;j/ 4 SLACK ~_~ 
-I f------------~- I ~ ---------1 
a"SLACK 
MEAS. SYMBOL 
X RUN- APPL. PRED. ME AS. LINE MIN FORCE INIT. INIT. COND_ (ft) (LBS) DISPL. DISPL. 
A-I 500 ¢ Q 0" A-2 200 J:J P 
-2 A-2 500 tl. b.. SLACK 
-3 
C-5 200 .. .. 
C-6 500 • • 
I 0-4 200 - • -NOTE: HARBOR BOAT NO.3 TESTS 0-5 500 • • r-- AT MARINA DEL REY CALIF. F-I 200 ~ .go I 7/9/65,7/13/65 F-2 500 ~ ~ 
E-5 200 iii it 
E-4 500 ~ liil 
.1 .2 .4 .6 .a I 2 4 6 a 10 20 40 
T (sec) 
PERIOD OF FREE OSCILLATION 
Fig. 4. 14. Measured and Predicted Periods of Free 
Oscillation: Harbor Boat No. 3 
4" 
SLACK 
a" 
SLACK 
100 
78 
variation of the period of free oscillation with the initial displacement 
in either the positive or negative x-direction. It is seen that the 
mooring system which is described by the dimensions presented in 
Table 4. 2 must be nearly symmetrical, since any asy'mmetry due to 
different lengths of lines is exhibited in the free oscillations only for 
the case of taut lines. 
In order to solve Eq. 2.38 for the period of the free oscillations 
for a particular initial displacement it is first necessary to define the 
mass M as well as the virtual mass coefficient CM' As discussed 
previously the mass is based upon a displaced weight of Harbor Boat 
No. 3 of 7000 lbs. The virtual mass coefficient is more difficult to 
define, since it is known to be a function of both the shape of the body 
and the frequency of oscillation as well as other dimensions of the 
berthing arrangement (see Raichlen (1965)). Eq. 2.38 shows that for 
the case of free oscillations the period of the oscillations is inversely 
proportional to the square root of the virtual mass coefficient. There-
fore, to some extent the oscillations are insensitive to this parameter 
if a reasonable estimate is made. This does not mean that the value of 
C M is unimportant, but if the C M used is within say ± 10% of the exact 
value then the period of oscillation will be within ± 5% of the true 
period. A value of the virtual mass coefficient, CM' of 1.2 has been 
used for Harbor Boat No. 3 which corresponds to data from Wilson 
(1950) for afloating body with a similar beam-to-length ratio. 
The influence of line slack on the free oscillations is interesting. 
Consider a given initial displacement; as the slack increases the period 
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of oscillation increases significantly. This is because the restoring 
force is active only over a portion of the range of the boat motion. 
F or the range of 'motion within the region of free travel the boat must 
move at a relatively constant velocity; hence, referring to Fig. 4. 14, 
as the slack increases the free travel and the time it takes the boat to 
traverse this distance increases. 
The data presented in Table 4.3 are also included in Fig. 4. 14. 
Two sets of data are shown in Fig. 4. 14: one set where the initial dis-
placements are determined from. the applied load and the experimentally 
determined restoring forces (either Fig. 4.7, 4.8, or 4.9) and one set 
where the initial displacements correspond to those obtained from the 
applied loads and the theoretically determined restoring force relations 
presented in Fig. 4.10. Both cases show reasonable agreement with 
the predicted periods of free oscillation except for the case of 4-inch 
slack in all lines and the case for taut lines with a force of 500 lbs 
applied in the negative x-direction. It should be noted that for small 
values of displacement the theoretical curve of free oscillations for the 
case with taut lines tends to a constant value of the period of oscillation. 
This is because of the approximation used to describe the restoring 
force (Eq. 2.33) which becomes linear for small x and it is not due to 
the nature of the mooring system. For the cases with slack, no curve 
is shown for small values of displace'ment, since for values of X < 6.f 
(displacements less than the free travel) there is no associated period 
of oscillation because the restoring force is zero. 
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The initial displacements obtained from the measured force-
displacement curves generally are smaller than those obtained from 
the predicted force -displacement curves. In general this can be 
attributed to the fact that Eq. 2. 51 predicts somewhat greater free 
travel than measured during the tests. This difference could be caused 
by inaccuracies in measuring the dimensions reported in Table 4. 2 or 
by the difficulties described previously in measuring the free travel of 
the boat. Nevertheless, considering all of the problems which are 
inherent to prototype testing the agreement between the experiments 
and the theory with respect to the periods of free oscillation is con-
sidered to be reasonable confirmation of the analysis presented in 
Section 2. Therefore, it is felt that this analysis can be used with 
some confidence in predicting the important range of periods of 
oscillations of moored small boats. 
4. 5 Predicted Response Curves 
The non-linear response curve for Harbor Boat No. 3 moored 
with taut lines is presented in Fig. 4. 15 as the variation of the maxi-
mum displacement of the boat in surge from the at-rest-position, 
Xmax and X
min, with the wave period, T, for constant values of the 
forcing function, C. The curve for C = 0 is the same as the one pre-
sented in Fig. 4. 14 for the free oscillations and is called the "backbone" 
curve for non-linear response curves. Since damping is neglected 
ener gy is not dis sipated and hence the curves do not approach a finite 
maximum displacement; the region where these curves tend to an 
infinite displacement is termed resonance. 
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These response curves have been obtained from Eq. 2.38 in 
accordance with the as sumptions presented in Section 4.4. The 
restoring force-displacement curves presented in Fig. 4.10 have been 
used in the analysis. It is noted from Eq. 2.38, which describes the 
non-linear undamped response of the boat, the boat displace"ments 
X and X . (or X and AI) are functions of the wave period T and 
max mID 
the forcing function C. Therefore, in order to graphically present these 
curves one of the latter two parameter s must be kept constant. In this 
report the response curves are determined for constant values of the 
Parameter ( with X and X . and T variable. 
--max "mIn 
It has been seen from Eq. 2. I7c and 2. I1a that C is simply the 
maximum with respect to time of the water particle velocity averaged 
over the displaced volume of the moored body. This in turn is a 
function of the standing wave amplitude as well as certain parameters 
which deal with the geometry of the boat and the berth. Therefore, the 
interpretation of C is not simple and its value must be determined for 
fixed system parameters and variable wave period and a"mplitude. 
This will be discussed in detail later in this section. 
Certain features of the response curves presented in Fig. 4. 15 
are interesting as they relate to the general proble"m of the dynamics 
of small moored boats. Consider first the case where the wave period 
is contant, but the wave amplitude increases with time to a maximum. 
For the example chosen consider a wave period of 1. 2 sec and let the 
value of C increase from say 1. 0 ft/sec to 2.0 ft/sec, indicating for the 
case shown in Fig. 4. 15 a doubling of the wave a"mplitude. (It is realized 
that this is a physically unrealistic wave period, but it will serve to 
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illustrate one aspect of non-linear response curves.) As the forcing 
function, increases to 1. 0 ft/sec a maximum displacement of approxi-
m.ately X = 0.2 feet is reached. If the wave am.plitude is increased 
max 
further until a value of , = 2. 0 ft/ sec is reached it is noted that the 
m.aximum. boat displacem.ent is approxim.ately 0.7 feet. However, this 
occurs on a portion of the response curve which is unstable, i. e., the 
slope of the curve at this point expressed as dX /dT is infinite. 
max 
Therefore, the maximum boat deflection will "jum.p" to the higher m.ore 
stable branch of the curve for, = 2 ft/sec which would be at a displace-
ment of approximately 1. 6 feet or a sudden increase in movement of 
over twofold. Due to this jump the line stress could go from a com-
pletely safe value to a value which exceeds the breaking strength of 
the rope. This same type of jump can occur if the magnitude of the 
forcing function C remained constant but the wave period changed. 
(Since C is a function of wave period the wave amplitude would have to 
change accordingly.) Consider a value of , = 1 ft/sec and a wave 
period which increases continuously from 1 sec to 10 sec. Fig. 4. 15 
shows that for T = 1 sec the m.aximum boat displacement would be 
approximately 0.2 feet. When the period reaches a value T = 1.45 sec 
the slope of the response curve becomes infinite (X = 0.5 feet) and 
max 
the displacement jumps to 1. 1 feet on the upper branch of the curve. 
As the wave period increases further the maxim.um displacement will 
now decrease m.onotonically until it reaches a value of approxim.ately 
0.1 feet at a wave period of 10 sec. If, on the other hand, the line 
system. had consisted of linear springs the response curve would have 
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been described by Eq. 2.21 or Eq. 2. 22. In that case for wave periods 
less than the natural frequency of the moored body the response would 
increase gradually to a maximum as the period increased and then 
decrease monotonically for periods greater than the resonant period. 
Two other response curves are presented for Harbor Boat No.3: 
Fig. 4.16 for the case of 4 inches slack in all lines, and Fig. 4.17 for 
the case of 8 inches slack in all lines. As one would surmise from 
Fig. 4. 14, as the slack increas es the family of response curves shifts 
to larger values of the wave period. This can be seen in Figs. 4.15, 
4. 16 and 4. 17 by considering the range of important wave periods for 
say a I-foot displace"ment. For the case of taut lines, considering 
a value of C == 3 ft/ sec the range of wave period for a I-foot maximu"m 
displacement is from approximately 1 sec to 2 sec. When the line 
slack is increased to 4 inches this range changes from 1. 5 sec to 
5 sec. For the case shown in Fig. 4. 17 where there is 8 inches of 
slack in all lines the impor tant range of wave periods is 2 sec to 26 
sec. 
These example s de"monstrate that simple changes in the mooring 
system can have a profound effect upon the dynamics of the moored 
boat. For instance, the motions induced by storm waves (8 sec to 
12 sec periods) for the boat moored with 8 inches of slack iri the lines 
are approximately 5 to 6 times greater than those for the boat moored 
with taut lines. Therefore, whereas one mooring condition may be 
considered safe, the other may be potentially dangerous. In connection 
with this, the damage criterion for the boat moored with taut lines may 
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HARBOR BOAT NO.3 
MOORED WITH 
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be based upon failure of the lines or fittings; however, for the case 
with line slack it may be necessary to base a damage criterion upon 
the possible impact of the boat with the dock due to excessive 'motion. 
Consider the variation of the forcing function, (" with wa ve period. 
A specific case is presented in Fig. 4. 18 where the variation of the 
ratio (,/A is shown with wave period for a block body with the dimen-
sions of 2L = 18 feet, D = 0.68 feet and the center of the body located 
120 feet fro'm a reflecting surface (b = 120 feet). (These dimensions 
are the block-body approximations to the boat-lines shown in Fig. 4.3.) 
The depth of water at the mooring site chosen for this example is 
10 feet (d = 10 feet). These dimensions were chosento demonstrate 
some of the features of the forcing function and only in a general way 
do they represent conditions at the berth at Marina del Rey. However, 
this example will show how the response curve is a function of the 
geometrical configuration of the vessel and berth as well as the charac-
teristics of the mooring syste'm. 
Fig. 4. 18 shows the periodic nature of the ratio of the forcing 
function (, to the standing wave amplitude A, i.e., (,/A, with wave 
period; at certain intervals this function and the locus of the maxima 
of this function become zero. In other words, for the geometry chosen 
the forcing function and therefore the boat displacement becomes zero 
at certain wave periods due to the trigonometric terms in Eq. 2. 17c 
becoming zero. Conversely the maxima are associated with these 
terms becoming a maximum. Physically the zeroes occur when the 
crest of the standing wave is located at the center of the body. For 
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this condition there is no net force acting on the body at any time and 
therefore no resulting body motion. The opposite is true at the periods 
associated with the maxima. For these wave periods a node occurs at 
the center of the body and a maximum longitudinal force acts on the 
vessel. Therefore, for example, the zero of the locus of maxima at 
T = 1. 9 sec in Fig. 4. 18 occur s when the wave length is equal to the 
length of the body (kL = n); hence, no net driving force is provided by 
the wave. The zeroes for T > 1.9 sec are associated with kb = nn 
and the wave length is equal to~b where n = 1, 2,3, etc. As the 
n 
distance b increases the number of zeroes would also increase for a 
fixed range of wave period. 
When the variation of the forcing function with wave period is 
introduced into a response curve such as Fig. 4. 17 the response is no 
longer as simple as that described previously, i. e., following a constant 
value of C as the wave period changes. Instead, as the wave period 
changes, for a constant wave amplitude, the value of C varies and 
therefore the change in the maximum displacement of the boat becomes 
a function of both the mooring dynamics and the variation of the forcing 
function. However, as a first approximation to the maximum boat dis-
placement the locus of maxima such as shown in Fig. 4. 18 can be used. 
For example, in that case the maximum is approximately (CiA = 1.8 sec -1; 
hence, for a standing wave with a I-foot amplitude at worse the response 
would follow a curve of constant C of 1. 8 ft/sec. 
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It should be obvious from this discussion that since it is not 
possible to express the response curves for a particular boat simply 
as families of curves of constant wave height, the variation of the 
forcing function, with wave period must be investigated to determine 
the appropriate family of curves to be used for a particular standing 
wave height and a particular mooring geometry. As suggested,this 
approach may be simplified by obtaining the maximum value of the 
forcing function, from the locus of maxima for the wave height of 
interest, as shown in the example of Fig. 4. 18, and then studying the 
variation of the appropriate response curve with wave period to 
deterITline if a particular boat would be in danger in a ITlarina due to a 
certain incident wave systeITl. 
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5. SOME ADDITIONAL PROTOTYPE INVESTIGATIONS 
In an effort to evaluate the characteristics of som.e of the mooring 
systems presently in use, a lim.ited study was conducted of boats 
m.oored at Marina del Rey near Los Angeles, California. This was the 
sam.e sm.all craft harbor that was used for the prototype tests described 
in Section 4. The objective was to gather enough inform.ation in the 
field on the dim.ensions of m.ooring system.s in us e so that reasonable 
estim.ates could be m.ade of the response of these sm.all boats to 
standing waves. In this way it was felt that a first approxim.ation could 
be m.ade in determ.ining the im.portant range of wa ve periods of a sm.all 
boat harbor. Indeed Marina del Rey is not a typical sm.all boat harbor 
due to its size; however, the boats and the m.ooring system.s used do 
represent reasonably general system.s. 
5. 1 General Considerations 
An im.portant consideration in determ.ining the range of wave 
periods and associated wave heights which could cause damage in a 
sm.all craft harbor is the frequency distribution of boat sizes (and 
associated displaced weights) which could be expected for various 
harbors. Unfortunately this type of inform.ation was not readily 
available for Marina del Rey; however, data have been obtained for the 
distribution of pleasure boats m.oored in Long Beach Marina in Long 
Beach, California. These data were obtained in private com.m.unication 
from. the Los Angeles District of the U. S. Arm.y Corps of Engineers 
and they are presented in Fig. 5. 1 as the percentage of boats which 
were less than a particular size at the tim.e of their investigation. 
The class intervals of length chosen in that study was 5 feet starting 
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with a length of 15 feet. Five frequency distributions are presented in 
Fig. 5. 1: cruisers with inboard lllotors, sailboats with auxiliary power, 
sailboats without power, boats which fall into none of these three cate-
gories (labeled in Fig. 5.1 as other), and the distribution by length of 
the total salllple of about 1800 boats. 
It should be emphasized that these distributions are for one small 
craft harbor surveyed at one particular tillle; however, it is felt that 
the gross characteristics of the curves presented provide a guide to 
illlportant boat sizes in a lllarina. 
Fig. 5. 1 shows that the inboard cruisers represented 51.4 percent 
of the total salllple and the llledian boat length was between 25 feet and 
30 feet. In addition 75 percent of these cruisers were less than 30 feet 
to 35 feet long. Although sailboats with power represented only 18.2 
percent of the total sample the median length of this class was SOllle-
what larger, 30 feet to 35 feet with 75 percent less than 35 feet to 
40 feet. Pure sailboats and "other" boats which cOlllprise 30.4 percent 
of the total salllple have llledian lengths which are les s than approxi-
lllately 20 feet. It is noted that the distribution of the total salllple has 
approximately the sallle llledian and 75 percent length as that of the 
power cruisers because of the preponderance of inboard power cruisers 
in this salllple. Therefore, the lllajor attention in this portion of the 
study was directed toward inboard power cruisers. This type of boat 
generally has a lllodified "Vee" cross section silllilar to Harbor Boat 
No. 3 (see Fig. 4.3) and is lllore susceptible to surge lllotions than 
other classes, such as sailboats where the preferable lllotion lllay be 
in roll due to the large keel. 
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The information on the distribution of boat lengths in a marina are 
of interest primarily for the insight it provides in the expected distri-
bution of small boat shapes and displaced weights in a small craft 
harbor. Some data on the variation of the approximate loaded weight 
with length of some small boats is presented in Fig. 5. 2. Two curves 
are presented in Fig. 5.2: one which is the envelope of weights of 
power and sailboats from Chaney (1961) and one which represents the 
manufacturers infor"mation for seven boats built by Tollycraft of Kelso, 
Washington. Included in Fig. 5.2 are two weights for Harbor Boat 
No.3; the smaller weight being the manufacturer I s estimate of the 
unloaded weight and the 7000 lb vveight (the estimated loaded weight) 
which was used in this study. With reference to Figs. 5. 1 and 5.2 a 
median boat weight for power cruisers and the total population would be 
between approximately 5000 lb and 7000 lb. In addition approximately 
75 percent of all boats in Long Beach Marina would have displaced 
weights less than about 9,000 Ibs to 12,000 lbs. (Since this estimate is 
based on the data of Fig. 5. 2, it is considered to be only approximate. ) 
5.2 Description of Boats and Their Mooring Systems 
The mooring dimensions and the characteristics of the moor-
ing systems were determined for seven small boats located at Marina 
del Rey. The boats which were chosen were inboard power cruisers 
whose lengths corresponded, as closely as possible, to a representa-
tive sample of the distribution presented in Fig. 5.1. The range of 
boat lengths for the sample was from 22 feet - 5 inches to 38 feet. 
Referring to Fig. 5.1, for Long Beach Marina only 28 percent of the 
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power cruisers had lengths less than the forrner figure and 85 percent 
of the inboard power boats had lengths less than the latter figure. The 
lengths and estirnated weights of the boats used in this study are pre-
sented in Table 5.1. The second colum.n in this table gives the narne 
of the company which built the particular boat along with the rnodel as 
de signated by the builder. The weights shown in Table 5. 1 are esti-
mated from Fig. 5. 2 using the curve for boats built by Tollycraft 
instead of the curve which represents an envelope of data pertaining 
to weight presented by Chaney (1961). 
Table 5.1. Measured Lengths and Estimated Weights of 
a Sample of Small Boats 
State of Boat Length Estimated 
California Builder (Ft-In. ) Weight 
Registration (Boat Type) (Lbs) 
Number 
CF 6141 CB Chris -Craft 22'-5" 3,700 
(Cavalier) 
CF 0675 CJ Owens 24'-8" 5,200 
CF 0394 CV Tollycraft 25' 5,200 
CF 0310 CV Tollycraft 25' 5,200 
CF 7651 CL Owens 29'-3" 8,200 
(Flagship) 
CF 7198 CJ Owens 33' 11, 500 
(33 Sedan) 
CF 1756 CW Chris Craft 38' 17,000 
(38 Commander) 
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Photographs of the boats described by Table 5. 1 are presented in 
Figs. 5.3 through 5.9. These photographs show the mooring systems 
which are generally in use at Marina del Rey and indicate some of the 
major differences in the mooring systems for boats of different size. 
An example of the extremes can be seen in Fig. 5.3 and Fig. 5.9: 
these photographs are for the smallest and the largest boats in the 
sample investigated. In Fig. 5.3 the slip is nmch larger than is 
necessary for that particular boat; therefore, the mooring lines are 
atypically long. The 38 foot boat shown in Fig. 5.9 is lar ge for the 
slip, hence the clearance between the boat and the slip is a minimum 
and the mooring lines are relatively short. 
The relative size of the boat and the slip can change the action of 
the restoring force. For example, the stern lines restrain the boat 
in surge, for the boat shown in Fig. 5.3, when the 'motion of the boat 
is in the direction of the bow (positive x-direction) whereas for the 
boat shown in Fig. 5.9 the bow lines restrain the boat when the move-
ment of the boat is toward the bow (positive x-direction). The latter 
type of restoring force system can increase the probability that 
restoring forces will be asymmetrical. 
Actually the condition which causes the type of mooring described 
and shown in Figs. 5. 7 and 5.9, for example, is generally one of 
economics. The rental charge for slips increases with their lengths, 
the boat owner, therefore, tends to rent the smallest possible slip for 
his boat. This condition makes mooring conditions such as those shown 
in Fig. 5.3 unusual in most small craft harbors. In attempting to fit 
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as large a boat as is possible into a slip the clearance between boat 
and slip is minimized and as mentioned previously the probability of 
aSY'ITlmetrical restoring forces is increased. With the latter effect 
permitting larger motions of the small moored boat in one direction 
than another, the impact of boat and dock when the boat moves in surge 
becomes an important possible source of damage. 
The dimensions of the mooring system of the seven boats described 
in Table 5. 1 are presented in Table 5. 2 using the nomenclature of 
Fig. 2.8. For each boat and for eachITlooring line the mooring 
dimensions, material, diameter and condition of the lines are presented. 
It is noted that the dimension f has associated with it either a plus or a 
minus sign. This sign indicates the direction of the restoring force. 
For instance, for theITlooring system shown in Fig. 5.3 (Registration 
No. CF 6141 CB) the distance f is positive. In that case the bow lines 
go from the boat to the dock in such a way that when the boat is dis-
placed in a direction toward the stern the bow lines restrain the boat 
and provide the restoring force. When the motion of the boat in surge 
is toward the bow, the stern lines become the active restoring force; 
hence, the distance f is indicated as being positive for this case also. 
Conversely for the 24 foot-8 inch boat (Registration No. CF 0675 CJ) 
the bow lines becoITle active for displacements of the boat toward the 
bow and the stern lines become active for displacements of the boat in 
the direction of the stern. Therefore, in that case the dimension f for 
both bow and stern lines is negative. As another example of the sign 
convention, for the 33 foot boat (Registration No. CF 7198 C J) the bow 
State of 
Calif. 
Registra-
tion No. 
CF 6141 CB 
CF 0675 CJ 
CF 0394 CV 
CF 0310 CV 
--- --~ 
Table 5.2. Dim.ensions, Material, Diam.eter, and Condition of Existing Mooring Lines, 
in situ Measurem.ents: Marina del Rey (10/17/67) 
Bow, stern or Starboard MOORING LINES 
spring-line or f z Yo t b,t Dia. 
Port a Material Condition 
(ft) (ft) (ft) (ft) (ft) (in. ) 
bow starboard + 4.08 2.0 6.83 8.2 0.0 nylon O. 5 good 
bow port + 4.05 2.0 7.0 8.33 0.0 nylon O. 5 good 
stern starboard + 3.21 1. 08 4.33 5.49 0.5 nylon O. 5 good 
stern port + 2.75 1. 42 3.92 5.08 0.33 nylon O. 5 good 
bow starboard 
-
1. 09 2.50 3.98 4.82 0.0 m.anila O. 5 good 
bow port 
-
1. 34 2.67 4.82 5.67 0.08 m.anila 0.5 good 
stern starboard - 0.09 2. l7 2.11 3.21 0.38 manila 0.5 good 
stern port - 0.63 2. 17 1. 59 2.75 0.0 manila 0.5 good 
bow starboard - 1.46 3.13 4.93 6.03 0.0 nylon O. 5 good 
bow port 
-
1. 67 3.42 3.75 5.35 0.0 nylon O. 5 good 
stern starboard - 0.67 2.21 2.08 3. 11 0.0 nylon O. 5 good 
stern port - 0.75 2. 17 1.13 2.55 0.0 nylon O. 5 good 
bow starboard - 2.29 3.17 4.88 6.25 0.08 m.anila 0.5 fair 
bow port - 2.21 3.08 3.46 5. 14 0.12 m.anila 0.5 poor 
stern starboard - O. 08 2.29 1. 67 2.83 0.0 nylon 0.375 good 
bow port - 0.46 2.46 1. 42 2.87 0.0 nylon 0.375 good 
spring-line port + 8.68 2.37 0.83 8.96 0.291 nylon 0.375 good 
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State of 
Calif. 
Registra-
tion No. 
CF 7651 CL 
CF 7198 CJ 
CF 1756 CW 
Table 5.2. Dimensions, Material, Diameter, and Condition of Existing Mooring Lines, 
in situ measurements: Marina del Rey (10/17/67) (cont'd) 
Bow, stern or Starboard MOORING LINES 
spring-line or f z Yo t t,t Dia. 
Port 0 Material Condition 
(ft) ( ft) (ft) (it) (ft) (in. ) 
bow starboard - 5. 58 3.21 6.92 9.45 0.0 nylon 0.5 good 
bow port - 6.25 3.21 7.25 10. 10 O. 0 nylon O. 5 good 
stern starboard -'--,- - -- --- - -- - -- - -- - -- - --
stern port 
-
1.0 2.75 4.42 5.30 0.0 nylon O. 5 good 
spring -line starboard +12.25 1. 92 1. 71 12. 51 0.0 nylon 0.5 good 
bow starboard - 6.00 3.33 7.42 10. 10 0.0 nylon 0.625 good 
bow port - 5.67 3.33 6.67 9.36 0.0 nylon 0.625 good 
stern starboard + 0.71 2.63 4.08 4.91 O. 0 nylon 0.625 good 
stern port + 0.75 2.50 1. 29 2.91 0.0 nylon 0.625 good 
spring-line port + 8.75 2.96 1. 17 9.3 0.0 nylon 0.625 good 
bow starboard - 4.67 4.46 6.0 8.85 0.75 manila 0.75 good 
bow port - 4. 75 4.65 6.67 9.43 0.417 manila 0.75 good 
stern starboard + 2.10 2.79 1. 34 3.73 0.0 manila 0.75 good 
stern port + 2.17 2.87 1. 84 4.08 0.0 manila 0.75 good 
spring -line starboard + 4.92 2.83 0.92 5. 75 0.17 nylon 0.625 good 
spring-line port + 4.83 3. 17 1. 25 5.92 O. 0 nylon 0.625 good 
>:<This line too slack to be considered as contributing to restraining force. 
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and the stern lines provide a restoring force, for reasonably small 
motions, only when the direction of motion of the boat is toward the 
bow. For that boat, the only restoring force for motion of the boat 
toward the stern (negative x-direction) is provided by the spring-line. 
In all cases investigated, the spring-line goes from the port or star-
board midsection of the boat to the dock in a direction toward the bow. 
Therefore, the spring-lines tend to hold the boat forward in the slip 
and provide a restraining force for surge motions of the boat toward 
the stern (negative x-direction). It is noted in Table 5. 2 that the length 
of bowline on the boat, the quantity tl in Fig. 2.8, is not included. In 
these cases this length was small compared to the line length. (For 
Harbor Boat No. 3 it was found that this section of the line does not 
significantly effect either the periods of the free oscillation of the boat 
or the characteristics of the forced oscillations.) 
5.3 Predicted Restoring Force 
In order to determine the variation of the restoring force with 
displacement in the x-direction, the dimensions of Table 5. 2 and the 
constants presented in Tables 3.1 and 3.2 were used in conjunction 
with Eq. 2. 58 to first determine the variation of the component of the 
* tension of the line in the x-direction, T ,with displacement. For 
x 
a given displacement (in either the positive x-direction or the negative 
,:~ 
x-direction) the values of T for all active lines were then summed 
x 
in accordance with Eq. 2.46. The resultant curves are presented in 
Figs. 5.10 through 5.16 for the seven boats whose dimensions and 
mooring system characteristics are described in Tables 5. 1 and 5.2. 
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Consider fir st Figs. 5. 12, 5. 14, and 5. 15 which are for boats 
nloored with all lines taut (M~ = 0). For these boats the free travel, 
6 f , is equal to zero and the X-conlponent of the tension, T*x' is directly 
proportional to a power of the displacenlent (the power given by Table 
3.1 for the appropriate nlaterial). The renlaining figures, Figs. 5.10, 
5.11, 5.13, and 5. 16,indicate a certain anlount of free travel, since as 
the applied force decreases the displacenlent approaches a constant 
value. The exact anlount of the free travel is difficult to evaluate due 
to the inherent difficulty in deternlining the anlount of slack in the nloor-
ing lines. For instance, Fig. 5.10 indicates that the bow lines are taut 
while the stern lines are slack. However, if the at-rest-position of the 
boat could be accurately determined, both the bow and the stern lines 
would have some slack in thenl. Therefore, the restoring force curves 
of boats nloored with slack lines must be viewed with SOnle judgnlent, 
since although the total free travel fronl the furthest forward to the 
furthest position rearward is correct, as before, the location of the 
at-rest-po sition of the boat nlay be questionable. 
The curves shown in Figs. 5.10 through 5.16 were fitted with the 
expressions described by Eq. 2.33. It was necessary to deternline 
the coefficients in these equations so that the response of the nloored 
boats could be predicted in accordance with the nlethod presented in 
Section 2. The values of the coefficients of Eq. 2. 33 are presented 
in Table 5. 3 and indicate one of the linlitations of this type of analysis. 
Consider the values of the coefficients rs. For all the cases considered 
this coefficient was negative. Since this is the coefficient of the fifth 
order ternl of F 2 (x), the nlaxinlunl value of the displacenlent to be 
Table 5.3. Coefficients Used in Fitting Eqs. 2.33 to Restoring Force Curves 
x>O x<O 
State of a 1 a 2 as r 1 r:a rs 
California 
(lb-ft- 1) (lb-ft -3) (lb_ft- 5) (lb_ft- 1) (lb-ft -3) (lb_ft- 5) Registration No. 
CF 6141 CB - 28.27 125.48 1. 65 39.39 160.98 - 18.37 
CF 0675 CJ 178.76 460.92 
- 29.68 1201. 81 1844.95 -146.76 
CF 0394 CV 161. 20 99.40 
-
6.38 434.0 2850.0 -532.0 
CF0310CV - 71. 72 2010.0 - 310.52 91.04 539.98 - 89.44 
CF 7651 CL 68.89 239.40 
-
27.98 180.36 464.52 - 54.88 
CF 7198 CJ 534.85 2518.10 - 299.85 152.97 503.23 - 53. 51 
CF 1756 CW 6620.0 17400.0 -2130.0 292.0 2780.0 -320.0 
--~-- --- -- ------------- ----- - --- -- . - ---- ._- --
! 
I 
I 
..... 
..... 
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investigated when determining the response curves must not exceed the 
maximum value of the displacement used in developing the restoring 
force curves. If this limit is exceeded this term will dominate and the 
fitted expression will deviate significantly from the predicted curve. 
This is not considered a serious limitation, since the objective of the 
analysis is to predict the range of wave periods of importance for 
moored small boats and not neces sarily to predict the exact value of 
the wave period at which lines will part. Of course, this latter period 
could be determined simply by first evaluating the restoring forces up 
to the point at which the lines break (T'!< = T'!< brk) and then fitting the 
appropriate expression (either F 1 (x) or Fa(x) to the resulting curves. 
Some of the asymmetrical aspects of this non-linear mooring 
problem can be appreciated from a comparison of the order of magni-
tude of the different coefficients a and r presented in Table 5.3. For 
instance, the largest boat studied (Registration No. CF 1756 CW) has 
a much stiffer mooring system opposing motion in the positive x-
direction (displacement from the at-rest-position in a direction toward 
the bow) than surge motions toward the stern (negative x-direction). 
Conversely the boat with Registration No. CF 7651 CL has similar 
restoring forces for both directions of boat movement. As described 
in Section 2. 1.2 and particularly in Fig. 2.4 the degree of asymme try 
of mooring is quite well described by the variation of 8 1 with the maxi-
mum motion X . The quantity A1 was defined as the value of at 
max 
when the boat passes through the at-rest-position. As described pre-
viously, when 81 is equal to n/2 the restoring system is considered 
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to be sy"mmetrical, when 81 is equal to zero or n the motion is highly 
asymmetrical. 
Fig. 5. 17 shows the variation of 81 with the maximum displacement 
X for the seven boats investigated in this study. The value of 81 max 
was obtained by solving Eq. 2.36 using the coefficients presented in 
Table 5.3. For these cases, four boats have values of 81 greater than 
n/2 and three boats have values of 81 less than n/2 for the displace-
ments shown. Referring to the definition sketch, Fig. 2.4, this 
indicates that the four boats with 81 > n/2 have stiffer mooring systems 
resisting motions for x < 0 than for x > O. The reverse is true for the 
three boats with 81 < n/2. This variation is confirmed by the values of 
the coefficients presented in Table 5.3. 
The following numerical example is used to further demonstrate 
the application of the data presented in Fig. 5. 17 to the problem of 
evaluating the degree of asymmetry of a moored boat. Consider the 
boat with Registration Number CF 0675 CJ and a maximum displacement 
of 1 foot. From Fig. 5. 17 the value of 81 is 1. 9 radians (or 109
0 ) and 
the maximum displacement is given by Xmax = X(l- cos 9 1 ) from the 
definitions which accompany Eq. 2.38. Therefore: X = 1. 33 X 
max 
and in a similar way X . = O. 67X, or for the conditions ¥.h ich are 
mln 
considered the displacement of the boat from the at-rest-position 
in the direction of the bow is twice the displacement in the direction 
of the stern. 
It is interesting to postulate as to the application of this method 
to the case of large ships. One important problem for large ships is 
the sway motion of the vessel, i. e., motion perpendicular to the dock. 
2.5 
2.0 
"''12 1.5 
1,0 
0.5 
° 
117 
I 
--......: I ~ __ - CF 0394CV 
1 I-~-----I I 
----------, 1 I 
- .. -!..- .. ----L .. I ~ CF 0675CJ 
"I --.. ~F 7651CL 
1--.--
.1 
• CF 6141CB 
~ I .~ I I ,.--;--. CF 0310CV 
~_ ... _ ... - CF 7198CJ 
... ..,....,,-. ... - I I .1..-.-. CFI 1756CW 
./. 
.~ 
." 
.2 
/. ~ . 
.6 .8 I 
XmoJft) 
2 
Fig. 5. 17. Variation of 81 with X max 
4 6 8 10 
118 
In that case elastic lines usually restrict motion away from the dock 
and a very stiff fender system restricts motion in a direction toward 
the dock. Considering these motions the restoring forces (and the 
resulting coefficients of the fitted equations) would be much greater 
for sway motions when y < 0 than when y > O. Hence 81 would approach 
n for this case, and the motion would be highly asymmetrical. There-
fore, the motion away from the dock would be approximately twice what 
one would expect if the boat had been as sumed to be symmetrically 
moored with elastic lines. 
5.4 Predicted Response Curves 
Response curves which describe the dynamics of the motion 
of the seven small boats in surge are presented in Figs. 5.18 through 
5. 24. These curves are shown as the variation of maximum motion in 
the positive x-direction, X , and the maximum motion in the negative 
max 
x-direction, X . , with wave period T for constant values of the forcing 
mln 
function C. The role of the parameter C has been fully discus sed in 
Section 4. 5 and will not be discussed here. Nevertheless, it should 
again be emphasized that the ratio CiA is also a function of wave period 
and in order to fully determine the forced oscillations of a small boat 
moored in a standing wave environment, the variation of ~/A with wave 
period must also be evaluated. However, nearly irrespective of the 
value of C for a particular wave period, the response curves presented 
in terms of constant values of ~ indicate the important range of wave 
periods with respect to surge motions for the small boats which were 
considered. 
119 
CF 6141CB 
2L=22'-5" 
W=3700LBS. 
2 
z 
0 x i= max 
en (ft) 0 
Q. 
I 
I--(J) 
w 
e::: ~ I 0 ~ III 0 
Q: 
:E I 0 ~-e::: 
LL z 0 
Z i= 
0 0 
i= :::E 
0 0 ::E 
:E z 
;:) Q: 
~ ILl f-
~ til 0 Q: 
:E X ; 
min 0 
(tt) f-z 
0 
-I i= 0 
:::E 
-2 ~ __ ~~ __ ~ __ ~~~ ____ ~ ____ ~ __ -L~~ ____ ~ ____ ~ __ ~~~ 
.I .2 .4 .6.8 2 4 6 8 10 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.18. Response Curve, 22 foot-5 inch Moored Boat: 
Reg. No. CF 6141 CB 
120 
CF 0675CJ 
2L::24'-S" 
W=5200LBS. 
2 
z X 0 max i= (ft) 
en 
0 
0-
J 
~ 
CI) 
w ~ a:: 0 
I III ~ 0 II:: 
'" :E ~
0 0 1--
a:: z l&.. 0 
Z i= 0 
0 :::E 
i= 
0 0 
::E 
:E z 
::::> II:: 
~ .... l-
X en 0_ c::r It: 
:E X ; 
min 0 I-
( ft) z Q 
-I I-0 
:I 
_2~ ____ ~ __ ~ __ -L~~ ____ ~ ____ ~ __ -L~~ ____ -L ____ ~ __ ~~~ 
.1 .2 14 .6.S I 2 4 6 S 10 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.19. Response Curve, 24 foot-B inch Moored Boat: 
Reg. No. CF 0675 CJ 
121 
CF 0394CV 
2L=25' 
W=5200LBS. 
2 
z X 0 
~ malt 
en (ft) 
0 
a.. , 
l-
f/) 
lLJ ,. 
0:: 0 
I CD 
ti 0 0: 4: 
::E ~ 
0 I-
0:: z 
LL 0 
Z § 
0 2 
t= 
0 0 
:IE 
::E z 
::> 0: 
::E 1&1 l-
X fI) 
« 
0-
0: 
:IE 4: ,. 
0 
X I-
min z 
(ft) _I 0 t= 
0 
2 
_2L-____ L-__ ~ __ _L~~ ____ _L ____ ~ __ L_~~ ____ L_ __ ~L__L~ __ 
.1 .2 .4 .6.8 2 4 6 8 10 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.20. Response Curve, 25 foot-Moored Boat: Reg. 
No. CF 0394 CV 
122 
2 CF 0310CV 
2L=25' 
W =5200LBS. 
X 
z max 
0 (ft) ~ ~ en 0 
0 In 
0.. 0 
~ IX C i' C/) 0 
UJ .... 
-a:: z 
I 0 
~ ~ 0 
::l 
:iE 
0 0 a:: 
u.. 
z z 
0 IX W 
~ .... m 
0 0-
:iE IX C 
:iE " 0 :::> .... 
:iE z 
X 0 
-I ~ « 0 
:iE ::l 
X 
min 
(tt) 
-2 f------------J--
.1 .2 .4 .6 .8 I 2 4 6 8 10 20 40 60 100 
WAVE PERIOD T(sec) 
Fig. 5.21. Response Curve, 25 foot Moored Boat: 
Reg. No. CF 0310 CV 
123 
2 ~----------------~------------------+-----------------~ 
x 
z max 
o (ft) 
i= 
en 
o (l. 
I 
I-
en 
w 
a:::: 
I 
~ 
~ 
~ 
o 
m 
o 
0:: 
~ 
~-
~ 
~ 
2 
CF 7651CL 
2L=29'-3" 
W=8200LBS. 
o 0 ~----~--~~-+--~~--~----~---+~~----~----~---r-+~ a:::: 
lJ... 
z 
o 
i= 
o 
~ 
~ 
;:) 
~ 
x 
<t 
~ 
-I 
x . 
min 
( ft) 
Z 
0:: 
W 
.... 
V> 
0_ 
0:: ; 
o 
.... 
z 
o 
i= 0----------------4-----2 
-2 ~----------------~------------------~------------------~ 
.I .2 .4 .6.8 I 2 4 6 8 10 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.22. Response Curve, 29 foot-3 inch Moored Boat: 
Reg. No. CF 7651 CL 
124 
-2 
.1 .2 .4 .6.8 I 2 4 6 810 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.23. Response Curve, 33 foot Moored Boat: 
Reg. No. CF 7198 CJ 
125 
2 
CF 1756CW 
2L=38' 
W=17,OOOLBS. 
X 
max 
z (ft) 
0 
;:: 
u; ~ 
0 m 
0.. 0 
I a: 
l- e( ~ en 0 
lLJ ~-
a:: z 
I 0 
~ i= 0 :::Ii 
~ 
0 0 a:: 
u.. 
z z a: 
0 w ~ ;:: (I) 
0 0-
:E a: e( 
~ 
~ 0 ~ 
:J z ~ 0 
X 
-I i= 0 
<t :::Ii 
~ X 
min 
(ft) 
-2 I------------------~-
.I .2 4 .6.8 2 4 6 8 10 20 40 60 100 
WAVE PERIOD T (sec) 
Fig. 5.24. Response Curve. 38 foot Moored Boat: 
Reg. No. CF 1756 CW 
126 
The response curves have been determined frO'Ill Eq. 2.38 and the 
other necessary system parameters in a similar fashion as the 
response curves for Harbor Boat No. 3 were obtained. A virtual mass 
coefficient (eM in Eq. 2.38) of 1. 34 was used in these calculations for 
all seven boats. This is in accordance with the information presented 
by Wilson (1958) for block bodies with beam to length ratios approxi-
mately equal to 0.35. Although it is felt that improvements could be 
made in these results by accurately determining the virtual mass co-
efficients for bodies having underwater shapes closer to the small boats 
than that of a block body, it was not within the scope of this study to do 
so. It was considered important her e to delineate the approximate 
range of important wave periods choosing a virtual mass coefficient 
which was somewhat conservative. (Conservative in this sense is 
defined as yielding ranges of resonant periods which if not exactly 
correct, considering other assumptions, are at least in the direction 
of safety, i. e., periods somewhat greater than the true values. ) 
There are a number of general features of these curves which 
warrant discussion before proceeding with a detailed discussion of 
certain particular characteristics. For the cases where the mooring 
lines are initially slack, the response curves are obtained for values 
of X and X . which are greater than the free travel, since the 
max mln 
response of a boat is not defined for displacements less than the free 
travel. In that region no restoring force is acting on the boat. For 
boats moored with taut lines, the "backbone" curves (curves defining 
the free oscillation of the small boats) are in error for small values of 
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the boat displacement, since (as mentioned previously) the approxi-
mations which are used to describe the restoring force (Eq. 2.33 ) 
become linear with x for small x. In other words, for small displace-
ments' due to these approximations, the non-linear aspects of the 
mooring disappear and the boat appears to be moored in a linear fashion; 
hence, the period approaches a constant value. 
Fig. 5.18 shows the response of the smallest boat of the sample 
group (W ';" 3 700 lbs) for several constant values of the par~meter C. 
It is interesting to compare this to Fig. 5.24 which shows the response 
for the lar gest boat of the group (W;"' 17, 000 1bs). Consider maximum 
displacements of 1 foot for both cases. The period of free oscillation 
for the small boat (Fig. 5. 18) is approximately 9 sec for that case; 
however, for the larger boat the corresponding period is l~ss than 2 sec. 
At fir st glance it is quite surprising that an increase in the weight of the 
boat by a factor of four results in a five-fold decrease in the period of 
free oscillation. This is due to differences in the restoring forces 
which can be seen by comparing Figs. 5.10 and 5.16. One obvious way 
of decreasing the periods of free oscillation of the smaller poat (Regis-
tration No. CF 6141 CB) would be to moor it in a smaller $lip with 
stiffer lines, i. e., shorter lines composed of a material which is less 
elastic such as manila. 
Some of the asymmetrical features of these non-linear moorings 
are shown in Fig. 5.19 (boat Registration No. CF 0675 CJ). Consider 
the case of a wave period of 5 sec and a forcing function C ;:: 2 fps. 
Fig. 5. 19 shows that this boat would sur ge forward a maximum distance 
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of approximately 1. 2 feet and move in the negative x-direction a maxi-
mum of o. 6 feet for the same conditions. Thi s would be interpreted 
as meaning that the mooring system which restrains motion in the 
direction of the stern is much stiffer than that which restrains motion 
toward the bow. The dimensions shown in Table 5. 2 indicate that this 
is a case where the bow lines restrain the boat in motions toward the 
bow and the stern lines restrain the boat in motions toward the stern. 
Fig. 5. 11 and Table 5.3 show that the latter lines provide much greater 
restraint than the former; hence, greater motions would be expected 
in the pos itive x-direction than in the negative x-direction. In this 
type of mooring arrangement where the boat is surrounded on three 
sides by the "U" shaped slip it is possible that the bow of the boat 
could strike the slip under the action of relatively small waves due to 
the asymmetrical nature of the mooring. On the other hand, if it had 
been moored in a larger slip this particular problem could be avoided. 
A positive feature of the mooring system used for this boat (Registration 
No. CF 0675 CJ) is that significant amplification of motions is re alized 
for small wave periods, periods which are perhaps les s than the im-
portant wave periods for most small craft harbors. 
Figs. 5.19, 5.20, and 5.21 are interesting when compared as a 
group since they are the response curves for three boats with approxi-
mately the same shape, dimensions, and weight ( 25 feet long, 5200 Ibs 
displaced weight). Response curves for the boats for a given value of 
C are different for each boat especially for the maximum motions in 
the negative x-direction. This emphasizes how the particular mooring 
system affects the dynamic response of a boat. Of the three, two of the 
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boats were moored with manila bow lines (CF 0675 CF and CF 0310 CV, 
Figs. 5. 19 and 5.21 respectively) and one (CF 0394 CV, Fig. 5. 20) 
was moored with nylon bow lines. In the last case the response curves 
have been shifted to lar ger periods by the more elastic material. For 
motions in the positive x-direction the two boats moored with manila 
lines of the same diameter have similar response curves. For motions 
toward the stern, the response curves which are presented in Fig. 5. 21 
(CF 0310 CV) indicate much greater motions for the same wave period 
than that shown in Fig. 5.19 (CF 0675 CJ). This is reasonable, since 
the former boat was moored with stern lines consisting of 3/8-inch 
nylon compared to the latter where the stern lines consisted of l/2-inch 
manila. Therefore, the reasons for the variation in the response curves 
among three similar boats are easily explained, and furthermore, such 
differences are to be expected in an ordinary small craft harbor in the 
absence of mooring standards. 
Figs. 5.22 and 5.23 show the response curves for two boats moored 
with nylon lines (CF 7651 CW and CF 7198 CJ respectively). In both 
case s for certain boat motions the re sponse curves are shifted to a 
wave period range near that of storITl wave systems. However, with the 
stiffer line system the periods of the maximum re sponse of the heavier 
boat (11,500 Ibs) are s"maller than those corresponding to the lighter 
boat (8, ZOO lbs), again emphasizing the importance of the mooring 
system on the re sponse. 
A consequence of neglecting the asymmetric nature of the mooring 
systems for small boats is illustrated by the response curve of one 
particular boat: the 25 foot, 5200 Ib boat with Registration No. 
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CF 0394 CV. The variation of the restoring force with displacement 
for this case has been presented previously (Fig. 5. 12) and is pr esented 
again in Fig. 5.25 so that another method of analysis, sometimes used 
for large ship problems, can be compared to the results of this study. 
The solid curve shown in Fig. 5.25 corresponds to the restoring force 
predicted for this case using the method of Section 2 and the appropriate 
elastic characteristics of the lines. The short-dashed curve in Fig. 5.25 
was obtained by fitting Eq. 2.33 to the predicted restoring force using 
the coefficients which are presented in Table 5.3. 
The response curve for C = 2 ft/sec has been reproduced from 
Fig. 5. 20 in Fig. 5. 26a along with the "backbone ll curve for C = O. 
It is noted that this case is highly asymmetrical, due to greater restoring 
forces for motions in the negative x-direction than those arising for 
similar motions in the positive x-direction. Included in Fig. 5. 26a is 
the variation of C (the distance from the average position to the at-rest-
position) with wave period. This shows that the motion is not 
symmetrical about the at-rest-position, but it is symmetrical about the 
mean position a distance C away. 
Consider the results of an analysis which treats the mooring 
system as syrn:metrical. Referring to Fig. 5. 25, symmetrical re-
storing force curves are shown as long-dashed lines. These curves 
were determined by first plotting the predicted curves in the positive 
F vs. x quadrant and then computing the average displacement for a 
r 
given applied force. The expression which best describes the resulting 
average curve is: 
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F =±560(\xl)1.65 
r 
(5. 1) 
The response curve for this case can be obtained from Eq. 2.38 by 
letting 81 = TI/2 and applying the approach of Klotter (1951). The 
response curve for' = 2 ft/sec for the averaged symmetrical restoring 
force obtained in this way is presented in Fig. 5. 26b. Only the maxi-
mum displacement of the :moored boat in the positive x-direction is 
presented in this figure; the response curve of the :maxi:mu:m displace-
:ment in the :minus x-direction would si:mply be a :mirror i:mage of the 
curve shown. 
It is evident fro:m a co:mparison of Figs. 5. 26a and 5. 26b that 
erroneous conclusions could be drawn about the response of this s:mall 
boat if the restoring force had been considered to be sy:m:metrical. 
Consider the case where the clearance between the boat and the slip is 
s:mall. It would be possible to conclude, using an average restoring 
force syste:m, that no da:mage would be expected due to waves of 
certain heights and periods. However, if like Fig. 5.26a, the response 
curve was asym'metrical there would be a distinct possibility that the 
boat would actually strike the dock. 
5.5 I:mportant Wave Periods for Sa:mple Studied 
To deter:mine the i:mportant range of wave periods for this 
s:mall sa:mple of :moored boats the periods of free oscillation have been 
replotted in Fig. 5. 27 as a function of the ratio of the displaced weight 
to the restoring force. The :magnitude of the restoring force used in 
the ratio W IF is the force which is predicted from Figs. 5. 10 through 
r 
5. 16 for certain displace:ments X and X . . These displacements 
:max :mIn 
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were obtained for given periods from the curves of free oscillation 
presented in Figs. 5.18 through 5.24. Therefore, Fig. 5.27 indicates 
the range of important wave periods for the free oscillations of the 
seven boats studied. Portion (a) of Fig. 5.27 shows these data for 
initial boat displace'ments in the positive x-direction and part (b) 
presents similar information on the free periods corresponding to 
initial displacements in the negative x-direction. It is seen that in both 
cases for a given value of W IF there is a maximum variation in the 
l' 
period among the curves of two to three fold. These curves are typically 
non-linear demonstrating. as for the response curves, that as the applied 
force increases the period of oscillation decreases. For small applied 
forces, approximately 0.1 to 0.01 times the displaced weight, the 
periods of oscillation vary from approximately 3 sec to 10 sec in both 
sets of data. For much larger forces, and corresponding tensions in 
the lines, the periods of free oscillation of these boats are all in the 
range of 2 sec to 3 sec, well below normal storm wave activity, but 
perhaps in the range of local wave activity, i. e., waves generated 
within the small boat harbor s. This may not be too serious in the case 
of forced oscillations because of the effect of damping at these higher 
frequencies. Viscous damping usually has the effect of significantly 
reducing the magnitude of the oscillations without greatly affecting the 
periods of free oscillation. Therefore, at these small wave periods it 
would be expected that the magnitude of the motion and the resultant 
line tension would be reduced for the case of forced oscillations com-
pared to the inviscid results which have been presented in Sections 4.5 
and 5.4. 
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With Fig. 5.27 in mind, it appears that it would be possible to 
pr otect all of the boats investigated from surge damage due to storm 
waves by simply changing the mooring systems. For instance, the two 
extremes shown correspond to the smallest and the largest boats with 
the latter having periods of free oscillation which are a factor of two to 
three les s than the former. This means that the curves which describe 
the forced oscillation of these two boats would compare in a similar way. 
Therefore, by stiffening the mooring system for the smaller boat its 
response curves would be shifted to a significantly smaller range of 
wave periods than is presently shown in Fig. 5.18. It is interesting 
to note from Fig. 5.27 that although the "backbone" curves for the 
three 25-foot boats (CF 0675 CJ, CF 0394 CV, CF 0310 CV) are not 
exactly the same, they do agree reasonably with one another. Again, 
differences among these three cases can be attributed to differences in 
the mooring systems which were discussed previously. 
As has been emphasized in Section 4 and summarized in Table 4. 3 
the period of oscillation is very much a function of line slack for a 'given 
mooring system, i. e., large line slack results in large periods of free 
oscillation. Therefore, with this feature in mind, the mooring of small 
boats should probably be accomplished with a minimum of slack in the 
lines. The desired approach would be to reduce the periods of free 
oscillation of a boat by simply decreasing the per'mitted free travel 
thereby shifting the response curves for the forced oscillations to wave 
periods which are significantly less than the storm wave range (approxi-
mately 8 sec to 13 sec). 
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In summary, the important wave periods for this small sample of 
small boats moored in a harbor are generally much less than those for 
large vessels. Whereas large ships may have periods of free oscilla-
tion ranging from 20 sec to 90 sec (see Wilson (1967a)), the periods of 
free oscillation for this limited sample of small boats, corresponding 
to the assumptions discussed,were less than 10 sec. Hence, except 
for the case of larger pleasure boats, wave periods which could be 
expected to be important to small boat motions would be in and below 
the range of stor'ffi waves. Therefore, it would not appear to be 
necessary to test hydraulic models of small boat harbors for the same 
range of wave periods as harbors for large ships are tested. 
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6. LABORATORY STUDIES 
In this section a series of experiments will be discussed which 
were conducted in the laboratory on small boat oscillations. The 
objective of the experiments was to determine the effect of a simplified 
mooring structure on the motion of the -rnoored vessel. 
6. 1 Description of the Experimental Apparatus 
The experimental equipment used is for the most part 
described by Raichlen (1965) and will only be summarized here. The 
wave basin is 21 inches deep with a working area 30 feet long by 12 feet 
wide. The wave generator is a pendulum type 12 feet wide located at 
one end of the basin and it is designed such that it can operate either as 
a piston or a flap wave generator. When operating as a flap for short 
period waves the imaginary hinge point is located close to the botto'm of 
the flap. The wave machine is driven by two arms connected to inde-
pendent Scotch yokes which are in turn driven through a pul~ey system 
by a variable speed motor. A maximum amplitude of ± 6 inches can be 
obtained through this arrangement and adjusted to within ± O. 0005 inches 
by means of dial gages located at opposite ends of the paddle. The motor 
drive is a 1-1/2 hp U.S. Varidrive motor with a 10:1 speed range and a 
continuous variation over this range. Wave periods from 0.34 seconds 
to 3.8 seconds can be obtained with this system. The motor has a 
greater power output than is actually needed for the waves which are 
generated and this combined with the "flywheel effect" of the Scotch 
yokes leads to a constant speed operation. The wave period is deter-
mined by a pulse counting technique; the pulses are generated by 
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interrupting a light beaITl which is directed at a photo cell by a disc with 
360 evenly spaced holes arranged in a circle around its outer edge. 
These voltage pulses which are produced by the electronics as sociated 
with the photo cell are counted by a BeckITlan/Berkeley Division 
Industrial Center Model 7361 over an interval of 10-seconds. For ITlore 
details on this arrangement the intere sted reader is referred to 
Raichlen (1965). 
The moored body used in this phase of the study was a rectangular 
parallelepiped 24 inches long, 6 inches wide, and 8 inches high. It was 
constructed of 1/ 4-inch lucite and it was built in such a way that it could 
be loaded with sand ballast to make it neutrally buoyant for a given depth 
of imITlersion (draft). Two aluminuITl leaf springs (0.09 inches thick 
and 2 inches wide) were used to represent the ITlooring system. These 
linear springs were arranged 2 inches apart and mounted to the body so 
that only longitudinal (surge) motions were perITlitted. The length of 
the springs, measured from a clamping device to the point of support 
on the body, could be varied to change the restoring force and hence the 
natural period of the body. 
In these experiments it was desired to determine the effect of the 
proxiITlity of a partially subITlerged body on the respolls e of the siITlu-
latedrnoored boat. The partially subITlerged body represents the flo-
tation chaITlbers to which is attached the floating slip surrounding the 
ITloored boat as illustrated diagramITlatically in Fig. 4.4. The question 
was whether these chaITlbers could affect the response of the sITlall 
boat in a standing wave environITlent when the chaITlbers were close t~ 
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the moored boat. In the laboratory the flotation chamber or pontoon 
was simulated by a rectangular parallelepiped 6 inches wide and 12 
feet long which spanned the working section of the wave tank and was 
mounted with its long axis parallel to the wave generator at a fixed 
distance from the back wall of the basin. A cros s section of the major 
apparatus showing this arrangement is presented in Fig. 6. 1. Both 
the draft of the pontoon and its location relative to the moored body 
could be varied. 
The amplitude of the standing waves and the amplitude of the surge 
motion of the moored body were measured electrically using resistance 
wave gages and a linear variable differential transformer, respectively 
(see Raichlen (1965». 
6. 2 Results and Discussion of Results 
In order to study the effect on the response of the moored 
body of the proxitnity of the pontoon to the moored body the latter was 
kept at a fixed draft and distance from the backwall of the wave basin 
(b = 4.0 feet, D = 0.376 feet), and the distance between the moored 
,~ 
body and the pontoon and the draft of the pontoon were varied (t IL and 
,~ 
D /D respectively). A summary of the experimental conditions is pre-
sented in Table 6. 1. Experiments were conducted similar to those 
described by Raichlen (1965) in which wave amplitudes were measured 
at two locations along the backwall of the basin and the motion of the 
vessel in surge was measured for various periods of normally incident 
waves. 
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WAVE BASIN 
PONTOON 
0* 
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.. 
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1---2L ---1 
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Fig. 6. 1. Schematic Diagram of the Experimental Arrangement of Moored 
Block Body and Fixed Pontoon 
-~ 
-
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Table 6. 1. Experimental Conditions for Moored 
Block Body and Fixed Pontoon 
,', ~, 
Experiment D'" /D .(" /L 
.. 1 ...... 1 ... 
1 5""'- 0 
-
23 1.0 1.0 
24 1.0 O. 5 
25 1.0 0.25 
26 1. 53 0.25 
d = 1. 0 foot L,., = O. 5 feet 
b = 4.0 feet 2L = 2.0 feet 
D 0.376 feet -J ...... I .. = 
-.--.- See Raichlen (1965) 
The results of this experimental study are presented in Figs. 6.2 
and 6.3. Fig. 6. 2 shows the response curve for the small moored body 
presented nondimensionally with the ordinate as the ratio of the ampli-
tude and the abscissa as the ratio of the natural period of the body to 
the wave period. The theoretical curve shown in Fig. 6.2 is for the 
case without the pontoon (D':< /D = 0) in the absence of viscous effects 
(see Raichlen (1965»; the corresponding experimental data from pre-
vious studies are also included (Experiment 15, Raichlen (1965 ». The 
data from two experiments are shown in Fig. 6. 2 with the pontoon in 
place. In both experiITlents the pontoon had the same draft as the 
moored body; in one case the lee side of the pontoon was one-half a 
ITloored-body length from the seaward end of the body and in the second 
case this distance was reduced by one-half. (For the case of the 26 foot 
10.0 
9.0 
8.0 
7.0 
6.0 
X A 5.0 
4.0 
3.0 
2.0 
1.0 
00 
o 
LEGEND 
SYMBOL EXPERIMENT DID .elL 2, 
0 
0 
2, 
d=I.Oft. 
.I 
15 0 -
23 1.0 1.0 
24 1.0 0.5 
THEORY 0 -
b=4.oft. L;,o.5ft. 
2L=2.0ft. D=o.376ft. 
0 
2, \'It 
~DD 
OJ I\) 
.-----I 
.2 .3 .4 .5 .6 .7 .8 
o 
o 
8 
o 
o 
o 
o 
~ 
o \ 0 
o 0 
o 88 
r.1_ 0 8 
--U 0 
<foJB ~ 
0080 
~ 
o 
2, 
o 
o 
o 
o 0 
.9 1.0 1.1 1.2 1.3 
tIT 
d 
8 
1.4 1.5 
Fig. 6. 2. Effect of Pontoon on Response of Moored Body 
(Experiments 15, 23, 24) 
8 
1.6 1.7 
ib-l 
-~ 
l.,V 
1.8 1.9 2.0 
10.0 
9.0 
8.0 
7.0 
6.0 
X Ii: 5.0 
4.0 
3.0 
2.0 
LO 
00 
LEGEND 
SYMBOL EXPERIMENT 
0 25 
0 26 
THEORY 
d =1.0 ft. b=4.0ft. 
DID 1/L 
1.0 0.25 
1.53 0.25 
0 -
L.=0.5ft. 
o 0 
o 
o 
o 
00 
o 
2L=2.0ft. D=0.376ft. 
.I .2 .3 
0 
0 
--........ 
0 
0 
0 
.4 .5 .6 .7 .8 .9 
@ 
., 0 
~ 
o 
1.0 
'tIT 
o 
o 
o 
o 
o 
o 
00 
o 0 0 ~ OJ 0 0 
o ~ 
1.1 
<IJ 
o 0 
o o 
o 
o o 
1.2 1.3 
0_ 
00 
1.4 1.5 1.6 
Fig. 6.3. Effect of Pontoon on Response of Moored Body 
(Experiments 25, 26) 
\-....c--2L--i 
MOORED 
BODY 
-~ 
~ 
1.7 1.8 1.9 2,0 
145 
harbor boat discussed in Section 4. these experiments would corres-
pond to distances of approxi'mately 13 feet and 6.5 feet respectively.) 
For all cases the width of the pontoon was approximately one-quarter 
of the length of the body. 
Originally it was considered pos sible that there would be a near 
field effect ofthe pontoon on the trans'mitted wave system which would 
modify the driving force on one end of the moored body. However, it 
is evident from Fig. 6.2 that as the distance decreases this effect is 
probably not significant (at least over the range of distances investi-
gated). In fact except for the region 1. 2 ~ T IT ~ 1. 4 the experimental 
data with the pontoon agrees as well with the theory for the case without 
the pontoon as does the corresponding experimental data for that 
arrangement. 
Data are presented in Fig. 6.3 for the condition of a smaller 
;'< 
clearance. t IL = 0.25, and for the same pontoon draft as the body, 
D'!< ID = 1, (corresponding to a clearance of 3.3 feet in the example 
just mentioned). For that case the data show the same agreement with 
,,-
the theory for D'" ID = 0 as the data presented in Fig. 6. 2. In addition, 
little difference exists between these data and those for a 500/0 lar ger 
draft (D'!< ID = 1. 53). 
These experiments show that there is no significant effect on the 
normalized response of a moored body resulting from a pontoon or 
flotation chamber of the type depicted in the experiments located 
relatively close to it. The waves for the cases investigated range 
from nearly shallow water to deep water waves (0. 04 ~ dlA I ~ 0.4). 
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Therefore, the analytical method discussed in Section 2 is considered 
to be reasonably applicable to the case where the boat is moored in a 
"U" shaped floating slip where the slip is supported by flotation 
chambers with a draft of the order of that of the boat. 
This certainly is not the complete picture, however, as the pontoon 
affects the amplitude of the waves within the portion of the basin leeward 
of the pontoon. It has been found that the transmission coefficient of 
this pontoon (defined as the ratio of the height of the wave at the back-
wall of the basin with the pontoon in place to that at the same location 
without the pontoon) varies from 400/0 to 70% depending on wave period. 
Therefore, a preliminary conclusion which may be drawn from this 
phase of the study is that although the analytical method presented 
previously could be used to evaluate the response characteristics of 
small boats moored to a floating slip. an understanding of the trans-
mission characteristics of such a slip-system is necessary to evaluate 
the actual amplitude of the motion of the moored body. Therefore. 
to be exact the value of A used in Eq. 2. 17c which describes the forcing 
function should be the amplitude of the transmitted standing wave system. 
To use the value without transmissive effects would be somewhat con-
servative but it would yield the correct information on the important 
wa ve periods. 
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7. CONCLUSIONS AND RECOMMENDATIONS 
The following major conclusions may be drawn from this study: 
1. The theory which is developed to treat the sur ge motions 
of small boats which are moored asymmetrically with 
elastic-non-linear restraints appears adequate when the 
results are compared to experimental results of the free 
oscillations of a small moored boat. 
2. A major difference between the mooring systems of small 
boats and large ships is the restoring forces which oppose 
the Tr1.otions; for SInall boats these forces will probably 
be asymmetrical whereas relatively symmetrical restor-
ing forces are expected for large moored ships. The 
asymmetrical restraint can lead to highly asymmetrical 
dynamic motions which can affect damage criteria 
developed for small craft harbors. For this reason, 
instead of a damage criterion based on the failure of 
lines, impact damage maybe more important. 
3. For forced motions of small boats the characteristics of 
the restoring force are extremely important. Relatively 
small line slack can significantly increase the resonant 
period of oscillation of a boat. The elastic characteristics 
of the mooring lines are equally important in determining 
the oscillations of small boats. It is recommended that 
additional studies be conducted to develop a rational 
method of predicting the elastic characteristics of 
148 
various ropes used in small craft moorings for a wide 
range of the line material and its condition. 
4. An analytical study of the mooring dynamics of seven 
small boats has indicated that it is possible that the 
nature of the restoring force is more important in de-
fining the periods of os cillation of these boats than is 
the displaced weight of the boat. 
5. For the seven small boats studied the periods of free 
oscillation were less than about 10 sec. For forced 
oscillations of a small boat in surge the important wave 
periods would be increased by an amount dependent upon 
the :magnitude of the forcing function and the per:mitted 
motion of the boat, but they would still probably remain 
in the range of those of storm waves. 
6. For the boats investigated it was found that the ratio of 
the displaced weight of the boat to the restoring force 
for significant :motions should be les s than approxi:mqtely 
lOin order to limit the important wave periods for 
forced motions to values less than approxi:mately 10 secs. 
7. When it is possible to moor a small boat using taut and 
stiff lines this should be done to reduce the resonant 
periods well below 10 sec. 
8. It should be emphasized that the forcing function which 
defines the dynamic response of any moored vessel in 
a standing wave environment is a function not only of 
the wave height but of the wave period and certain 
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dimensions of the mooring arrangement. Therefore, 
it is not reasonable to simply develop a criterion for 
the design of small craft harbors which relates only 
to minimizing the wave height; i. e., wave periods 
must also be considered along with pertinent system 
geometry. 
9. Laboratory tests indicate that the flotation chambers 
associated with floating slips do not affect the charac-
ter of the dynamic response of small vessels moored 
nearby. However, these cha'mbersmay act as a 
floating breakwater by reducing the absol.ute motion 
of a boat through the attenuation of transmitted wave 
ener gy. For this reason it is recommended that the 
design of fl.oating slips be investigated in detail as one 
method of reducing wave-induced boat motions and 
potential. boat damage. 
10. The method of approach used in predicting the dynamic 
response of smal.l moored boats has been described 
in some detail. in this report. It is recommended that 
this m.ethod be applied to additional prototype data 
obtained from a large number of small moored boats 
in order to accumulate a significant amount of informa-
tion on the mooring dynamics of small boats. It is 
possible that mooring standards can be developed, based 
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on such data, which could lead to a reduction in the 
cost of the construction of a small craft harbor. 
For instance, the "motions of small boats may be 
reduced by the proper design of mooring systems and 
the introduction of certain mooring restrictions 
rather than by drastically reducing the wave energy 
which could enter the small boat harbor. 
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LIST OF SYMBOLS 
Amplitude of standing wave (ft) 
Coefficients used in polynomial representation of 
restoring force, x > 0 
Beam of boat (ft) 
Distance from reflecting surface to center of boat (ft) 
Drag coefficient in x-direction 
Virtual mas s coefficient in surge 
Draft of boat (ft) 
Draft of pontoon (ft) 
Depth of water (ft) 
Restoring force (lbs) 
Horizontal distance from mooring cleat on dock 
to first point of contact on boat (ft) 
Acceleration of gravity (32.2 itl sec2 ) 
Linear spring constant lbs 1ft 
Wave number = 2n/"A. 
Half-length of boat (it) 
Width of pontoon (ft) 
Distance from mooring cleat on dock to first point 
of contact on boat (it) 
Length of line on boat running from first point of 
contact on boat to cleat or bit on boat (ft) 
Distance between front of moored body and rear face 
of pontoon (ft) 
M 
M' 
x 
p 
s 
T 
T* 
-,-
T'" 
t 
u 
u 
u 
W 
x 
BRK. 
X 
max 
x . 
mIn 
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LIST OF SYMBOLS (cont'd) 
Mass of boat (slugs) 
Added hydrodynamic mass in surge (slugs) 
Pressure (lbs !ft2) 
Coefficients used in polyn01nial representation of 
restoring force. x < 0 
Clearance from_ bottom to bottom of boat (ft) 
Wave period (sec) 
Line tension (lbs) 
Average breaking strength of line (lbs) 
Elapsed time (sec) 
Water ptrticle velocity averaged over displaced 
volume (ft!sec) 
Water particle acceleration over displaced 
volume (ft! sec2 ) 
Water particle velocity (ft! sec) 
Water particle acceleration (it! sec2 ) 
Displaced weight (lbs) 
Amplitude of boat's motion about mean position (ft) 
Maximum displacement of boat in the + x-direction 
from the at-rest-position (ft) 
Maximum displacement of boat in the - x-direction 
from the at-rest-position (it) 
Coordinate measured from center of boat positive 
in direction of bow (ft) 
z 
z 
o 
a 
(3 
y 
TT 
p 
a 
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LIST OF SYMBOLS (cont!d) 
Lateral distance from mooring cleat on dock to 
first point of contact on boat (it) 
Coordinate measured from water surface positive 
upward (ft) 
Vertical distance from mooring cleat on dock to 
first point of contact on boat (ft) 
Angle describing inclination of line 
Angle describing inclination of line 
Specific weight of water (fresh water = 62. 4 Ibs /ft3 
sea water = 64 Ibs /ft3) 
Free travel of boat (ft) 
Slack in line (ft) 
Distance between mean position of boat! s motion 
and at-rest-position (ft) 
Line strain 
Wave function ft/sec (ips) 
Distance from MW L to water surface (it) 
at 
Wave length (ft) 
3.14159 
Density of water = y/g (slugs/ft3 ) 
Circular wave frequency = 2TT/T (rad/sec) 
T 
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LIST OF SYMBOLS (cont'd) 
Period of free-oscillation (sec) 
Velocity potential (ft2/sec) 
Phase angle (radians) 
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